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IlepeamoBa

HapuajbHuil MOCIOHMK HAIIMCAHO HA IiJICTaBl JOCBIJy BUKJIAJIAHHS IIPAKTHU-
YHOT'O KypCy MaTeMaTudHoro anaJiizy Ha @akysibreri MmareMaTuky Ta inopmaTu-
k1 1 Pi3uKo-TexHiTHOMY (haKyabTeTi KaprnaTchbKoro HAIIOHAJILHOTO YHIBEPCUTETY
imeni Bacust Credanunka st CTyIeHTIB MATEMATHIHUX Ta, TEXHITHUX CIEIiaJb-
HOCTE.

MarepiaJi TpeTbol YaCTHHU MOCIOHMKA OXOILITIOE MOHATT HEBU3HAUEHOI'O 1HTe-
I'paJia, Ta METO/IiB 100 pO3B’si3yBaHHs, BJIACTUBOCTI Ta 3aCTOCYBaHHS BU3HAUEHOI'O
IHTerpaJia, Teopiio 1 MeTOIU JIOCLPKEeHHSI HeBJIACHUX 1HTErpaJiiB Ta 1HTerpaJis,
3aJIe>KHUX BlJI TapaMeTpa.

Ha nouarky koxkHOT'O naparpady 10J1al0ThCsd KOPOTKI T€OpeTudHi BlJIOMOCTI
3 KOXKHOI TeMH, AKi MICTATb OCHOBHI O3HAUYEHHS, (POPMYJIIOBAHHS BaXKJIUBUX Te-
opeM Ta ocHOBHI (popmysiu. Jlayi nominieHo BIpaBu jijist po3B’sizyBanHsA. pyra
JaCcTHHA, KOXKHOTO TTaparpady MICTUTH MOBHE PO3B’sA3yBaHHs BUOpaHWX BIpaB. B
KIHI[l [epIIuX JIBOX PO3/ILJIIB OJ/IaHl 1H/IMBIIyaJibHl 3aB/IaHHSI.

Matouu HaBuaJibHUi IOCIOHUK 31 3pa3KaMy PO3B’sI3aHUX TPUKJIAJIB, BUKJIa/1a4
MOYKe 30CEpeJINTU yBary CTYJEHTIB Ha PO3B’sI3yBaHHI OLIbIN CKJIAHINIMX 3a7ad.
HasiBHicTh T€OpeTuyHOTO MaTepiaJjly Ta IMPUKJIaJiB PO3B I3yBaHHS 33184 JIOTTOMO-
JKe CTYJICHTY OTPaIlbOBYBATH MaTepiasl MOCIOHUKA CAMOCTIHHO.

Cutijt 3a3Ha9UTH, 10 /IS JOCKOHAJIOTO BUBUEHHS MaTepiajy nepej THM, SK 110-
YUHATH PO3B’si3yBaTH BIPaBU, HEOOX1THO JI0OpEe 3aCBOITU TEOPETUUHUI MaTepiaJl
3 koxkHOI Temu. IloTiM posibpaTn HaBeJeHl BIPABU 3 PO3B sI3KaMH 1 000B’I3KOBO

3aKPINUTH 3HAHHS PO3B’S3yYBAHHSAM BIIPAB JIJIsi CAMOCTITHOIO BUKOHAHHSI.



PO3/11JI I. HeBu3snadennii iHTErpaJ

§ 1.1. IlepBicHa dynkiiii. HeBu3znaueHwmii iHTerpaJi

Oynukmis F(r) B 3a7aHOMy TPOMIKKY HA3UBAETHCS MePBICHOM0 BYHKULE
f(x) abo inmeepanrom 6id f(x), sikio Ha BCboMy MPOMiKKY f(x) € moxigHo0
st F(x), abo, mo oxne i re x, mo f(x)dr e pudepenniagom s F(x).
OueBujiHO, 1O B IOMY BHUIIAJKY BHKOHYeThCs piBHicTh F'(x) = f(x) abo
dF(x) = f(x)dz.

Bipmykanus j71s hyHKITT BCiX 11 MEPBICHUX HA3UBAETHCA 11 tHMeE2pY8aHHAM
1 € OJIHIEIO 3 OCHOBHUX 3aJa4 IHTErPaJbHOTO YUCICHHS.

Axmo F(x) — pesika nepsicha juis f(x) na joBlibHoMy npomixky X, 10
MHOYXKMHA BCIX TEpPBICHUX 3aJlaHol (PYHKINI y IHOMY TPOMIXKKY Ma€ BUIJIA
{F(z) 4+ C, C € R}, i naBnaku, koxxua (pyHKIlis, sika € nepsictoro jyisi f(z) B
npoMizkKy X, moxe 6yTu 300paxena y surssi F(x)+ C. Ieit Bupa3 HazuBaoTh
Hesu3HaAYeHUM tHmezpasom Pyuryit f(r) Ha 3amaHomy mpomixkky X i

IHO3HAYaIOTh

/f(:c)da: = F(z)+C, ue C = const.

Hobyrok f(x)dr nasuBaeThesi midinmezpaavHum eupaszom, f(r) — nid-
IHMe2PasbHo0 PYHKUIE, T — 3MIHHOW0 THMe2PY8aHHs, a CUMBOI [ —

3HAKOM HEBU3HAUEHO020 THME epana.



§1.1. Ilepsicrua dynruii. Hesusnavenut inmezpan

Tabaurg ocHOBHUX IHTETPAaJIiB

/axdx— : , a1,
Ina
/smxdx——cosx+0
6)/cosxdx:sinx—l—0,
d
7)/ f =tgr+C,
cos? x
dx
8)/ —— = —ctgz +C
sin” x
d 1 1
9)/ ‘ :—arctgz—l—C:——arccth-l—C, a # 0,
2+a2 a a a a
dx 1 T —a
10 =—1 C 0
) x2 — a? 2amszc—|—aJr a7 0,
d
11) < —arcsmg—l—C'——arccosz—l—C a > 0,

Va2 — z? a
dx
=lnlz+vVa?+a?|+C, a#0,

/
/
| 7w
13) /shxdx—chx—i—C
/
/
/

chxdr =shz + C,
d

=tha+ C,

= —cthaz + C.

BiiacTuBocTi HEBU3HA4YE€HOr0o iHTEerpaJa

/f dx: (z)dx.

/ /F'( Jdz = F(x) + C, ne C' = const.
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3. ko a = const, TO /af(x)dx = a/f(x)dx.

4. dkmo F(x) i G(x) — nepsicui Ha neBHomy npoMikky X BLAIOBLIHO Jiist

byukmiin f(x) i g(z), To
@ £ g@nds = [ ot [ glyis
tobro F(x) £ G(x) € nepsicuoto s Gyukmil f(x) + g(x).
5. dAkimo /f(t)dt = F(t) + C, ne C' = const, 10

/f(axwtb)dx:éF(ax—I—b)JrC, a # 0.

BokpeMa, gKIoO a = 1, To /f(:c—l—b)dx = F(z+0b) + Cy, axmo b = 0, To

1
/f(ax)da: = —F(az) + Cs.
a
Crnmpalounch Ha OCTAHHIO BJACTUBICTH, J0 TabJINIl OCHOBHUX IHTErpaJjiB MO-

PKHa, JIOJATH IIe JeKIbKa:

17)/ d =lIn|zr —a|+C,

T —a
dx 1
18 = — C, kK#1
)/(x—a)k - —ap1 & 7L
1
19) /sinmxdx:——cosma:+0, m # 0,
m

1
20) /cosma:d:z::—sinm:z:+0, m # 0.
m

Bnopasnu

1. Tepesipurn, un dyuxiis F(x) e nepsictoro jist Gyukiii f(x) Ha mpoMix-

Ky X :
D )= = f) =~ ) %= (o), 6) 2= [1:3)
2) F(z) =2+ 3z +5, flr)=20+3 X=R,
3) F(z) =sin*z 4 cos 2z, f(r) = —sin2z, X =[0;1],
) 2 11
4) F(x)=In(1—a%), f@)=—1——. a)X=(-L1), 6 %= |-53]



§1.1. IHepsicna Ppynruyii. Hesusnavernutd immezpan 9

2 —5r+6 6x2 +2x — 4
F e = ER
VT
6) F(x) = 26\/5, f(z) = N a) X = (0;+00), 6) X = [0; +00),
244
7) F(x) = — f(x)=0, X=(-1,0),
x\/4+ (x2;4>
sinx + cosx 2 T
8) Fla) = cosz — sinx’ J(x) = (cosx — sinz)?’ *= (0’ 5)’

3. w?4+V3z+1 1 1
9) F(:r:):\{;lni2igiil+§arctgx+6arctg:c3, flz)= X =R,

Va2 sin %, axkmo r # 0,

0, akio x = 0,

%(%sin%—%COS%),ﬂKlﬂox%oa X=R

0, akmo x = 0,

2. 3HaiiTu BCi nepBicHi s 3aaHuX (DYHKINNH HA MHOXKUHI JIACHAX YUCEJ:

1) f(z) = |z +2, 2)f($)=|%+x|—|2—$|,

2?2 — 1, axumo z < 1,
3) fz) =e M, 4) f(x) = {
\x?’ — 1, gakmo x > 1,
(
sin 2z, skimo x < 0,

1 — 22, axmo |z] <1,
5) f(z) = 6) f(x) =141, akmo 0 < x < 1,

1 — |z|, gxmo |z| > 1,

1'3

\ Y

AKIo © > 1.

3. ns 3amanol GpyHKIT 3HAATH TepBicHy, TpadikK sIKOT IPOXOIUTH Yepe3 BKa-

3aHy Touky M :

D) @) = (e +2ale — 1), Mo(L;1), 2) fl@)=e " +e ™, M(0:2),

3) f(x) =sinbzcosTx, M;y(0;0), 4) f(z) = Hﬁ’ M, <g, 1),
5) f(z) = ! My(0;0), 6) f(z) =chaxch3z, My(n2;0).

@ - D@+ 1)

4. 3HaiiTu iIHTerpaJu:
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1) / (42 + 6)*dx,

3) /xmd:ﬁ,
5) /\/:1:‘4 +;;4+2d3:,

V1—22 41+ 22

7 dx,
) V1—zt
9)/\/332+ _4d:c
Jara
3
— 2
11) /x dz,
x—1
13) / 3%y,
9% 4 1
15) / - 2L d,
34y
e —1
17
)/e—zm—l—e—x—i—l ’
19)/ - eVt dy,
2+ 1
1 d
21) /m tro_dar
l—x 1—2?
23) /cos2§dx,
3
25) /sh2§das,
2
27) /cthQQxdx,
29) /(Cosx+sinx)4 dz,
2 2
31) /881n x — 3 cos xdaz,
1 + cos2x
1+ 7cos®x
33 —d
>/ 1—cos2z
d
35)/ °
1 +cosx
37) /cos5a:vSinxdx,
39) /thxlnchxdx,

PO3JIIJI 1. Hesusnauenutd inmezpas

2) /(3x + 1)(82” + 5z + 3)dz,
4) /(12x+6)\/x2—|—x—|—1dx,
2
33 4 2
3/ O/ pd 7/ 5
8 /\/E Vit + 3V in.
91:5
d
) [
\/xG—i- 2—Vax—1
12) / T dr,
r+1
14) / (27t — 316 "da,
16) /1’26x3d$,
18) / dz |
et +e "
xlogs (22 + 3)
22) /sinzxdx,
24) /th:Uda:,
26) /thQ:de,
28) /sin2xcos2a:dx,
30) /sin3;z:cos5xd:c,
3
) [ L
sin x
dx
34
)/1+sin:1:’
36) arctg /x  dx
VT 1+
me 1—Inx
38) /ew S dx,

40) / she
x.
ch? z+/ch 2z



§1.1. Ilepsicrua dynruii. Hesusnavenut inmezpan 11

IIpuknaau po3B’a3yBaHHS BIIPaB

2
x“+4
1.7. 3Buaxonnmo obracTh BusHaueHus Gynkiii F(z) = il . Ma-

o4+ (52)°

D(F)={x: x € (—00;0) U (0; +00)}.

€MO

Ockinbku 3a ymooo X = (—1;0) C D(F), To 3aJMIINIOCH IEPEBIPUTH CITiB-

sinuomenns (F(x)) = f(x). Maemo

/

z? +4 _( 27% + 8 )’_

. /4+(%)2 _\/:U4+8x2+16

(22 +4)2
Orxe, f(z)=0. »

2.4. Banana dyskuis f(r) BusHaUYeHa Ha BCiil AiiicHIA ocl 1 Ha KOXKHOMY 3

Fl(x) =

npoMikkiB z € (—o0; 1] ta x € (1;+00) mae nepsicny F(z).
3

T
Ao = € (—o0;1], o Fi(x) = £ —x+C, je C — craja, € HEPBICHOI

ng fi(x) = 22 — 1. dkmo x € (1;+00), To nepsicuoto misa fo(z) = 23 —1 ¢
4
T
Fy(z) = T~ x+ C4, ge Cf — craia.
B rouni x = 1 nepsicua F(x) dyukmii f(z) mae 6yTn HemepepBHOO 1 MaTH

noxijay. Tomy lim Fi(x) = lim Fy(x), Tobro
z—1-0 z—1+40

1 1
- —14+4C=-—-1+0C].
3 + 1 + Cq
3Bi C L +C
BijiCH = — .
pik 1 12
Onnocroponni noxigai Fy(x) ta Fy(x) B Touni x = 1 Takox piBHi.
3
x——$—|—C, SKIO T < 1,
Orxe, F(z) = 5)4 1 € 1epBicHOIO it yH-
Z—x+ﬁ+0, Ak r > 1,

i o) 22 — 1, axkmo z < 1,
Kiii f(z) =
22 —1, akmo z > 1. »
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PO3JIIJI 1. Hesusnauenutd inmezpas

. . . 28 .
4.12. BugiinMo CrodaTKy Iy YacTHHY PaIlloOHAJILHOrO JIpoby . Ioxi-

T
JIMBIIN KyTOM MHOrowieH x° na apowieH z + 1, orpuMaeMo

26

-1+ )
z+1 r+1
Tomi

:aj‘5—

6 d
/ v dx:/(:pB—x4+:v3—x2+x—1)da:—|—/ -
r+1

r+1
L (o B v
e i B 1 1|+ C.
s st 313 r+Inlx+ 1|+ >
2 1
4.20. Ockinnku (logg(z? + 3)) = > f_ 3 g ™
x logg(2? + 3) In3
/ ;’2 3 dx = - logs (2% + 3) d(logs(2? + 3)) =
In3

logi(x*+3)+C. »

§ 1.2. OcHOBHI MeTOAM IHTErPyBaHHS

1. Memod esedenns 10607 3minnoi. dxio U = ¢(x) — HenepepBHO Jiu-
depenniiioBua QpyHKIIS Ha TPOMiKKY X, TO

[ He@ye @i = [ fe@ydela) = [ 10w

2. Memod nidcmanosru. dxmo f(x),

©(t), ¢'(t) — memepepsHi dyH-
KI1I ¥ BIJITOBITHAX ITPOMIXKKaX, TO

[ t@ds = [ rieoe e

3. @opmyaa inmezpysanns wacmunamu. Hexait dyukuii U = U(x) i
V = V(x) — nenepepsHo audepeHiiioBi y BU3HAUYCHOMY MTPOMIXKKY X, Ta icHye

nepsicua dynkuii U’V na npomy npomizkky. Toai dynkuis VU rakox mae nep-

BicHy Ha X, IPUUOMY BUKOHYETHCS PIBHICTH

/UdeUV—/VdU.



§1.2. Ocrosni memodu inmeepyearns 13

Y BUIIQJIKY 3aCTOCYBaHHS 1€l (DOPMYJIM Ha MPAKTHIN 33 aHOI0 BBAXKAETHCS 11

JIiBa JacTHHA, TOOTO / UdV 1 obuuncijieHHsI OO 1HTErpaJia 3BOJUTHLCS JIO BiJi-

MyKaHHS 1HTerpaJa / VdU. Oyukiis V, B3araji KaKydu, BU3HAYAETHCS He-

OJIHO3HAYHO, 3 TOYHICTIO /10 JIOBLIbHOI cTasiol C), ToMy BUOMPAIOTH JIJIst 3PY THOCTI
C=0.

Axmo npunycruru, mo dyskiil U = U(x) mra V = V(x) maors moxijaHi

70 (n 4 1)-ro mopsifKy BKJIFOUHO, TO M-KpaTHe 3aCTOCYBaHHs (hOPMYJIH iHTErpy-

; (n+1) .

BaHHs YacTUHAMU JI0 iHTerpaja sugy [ UV dxr mpuBesie JI0 Y3a2aAbHEHOT

dopmyau tHmezpysaHHA YACTNUHAMUY:
/ UVl =yvm —y've gy g
+(=1)"UMYV 4+ (=1)"*! / UV dg.
PosriisinemMo Jiesiki Bujiy iHTerpadJiiB, J10 siKMX 3Py 4HO 3aCTOCOBYBaTH (pOPMYJIy
IHTErpyBaHHA YaCTHHAMU.
1. Inrerpamu Buy /P(w)eaxdx, /P(x) sin Sx dx, /P(x) cos fx dx, ne
P(x) — mHOrOWIEH n-T0 cTenens Bij 3minuol x, a # 0, f # 0 — mijicai yucna.

Y nux inrerpanax P(x) nosnadarors depe3 U. Ilicist n-kpaTHOro 3acToCcyBaHHS

dopmysin IHTErpYyBaHHsI YaCTUHAMU 1Ii IHTErPaJId 3BOJATHCs BlJIIIOBIIHO 10 1HTE-

I'paJiiB /e”dm, /sinﬁxdm, /cosﬁ:cd:c.

2. Iarerpanu Bujy /e‘m sin Sz dzx, /e‘m cos Bxdx, a # 0, B # 0 — niiicui
qncsia. Ilicass gBokpaTHOro 3acTocyBaHHsi (DOPMyJIM IHTErpyBaHHsI YaCTUHAMU Y
IpaBiil YaCTUHI OTPUMAEMO BUPAa3, IO MICTUTDH NMOYATKOBHi iHTerpaJ. Moro 3na-

XOJIMMO $TK PO3B’s130K JITHIHHOTO aJiredpaiiHOro piBHSIHHS.

3. Turerpaiu Buy /P(x) Inxdx, /P(x) arcsin x d, /P(ZU) arctg z dz,

/P(x) arccos x dx, /P(x) arcctg x dx, je P(x) — MHOTOWIEH M-10 CTeleHst Bij
sMinHOl . Yepes U B nux iHTerpajax 0epyTb MHOXKHUKHK In x, arcsinz, arctgx,
arccos x 1 arcctg x.

BayBaxxuMo, 1m0 (GopMmyia iHTerpyBaHHs YACTHHAMU € KOPUCHOIO [IJIsT BUBE e~

HHs IIJIOTO PsAJIy PEeKypeHTHUX (POPMYJI IHTErpajbHOIO YKMCJICHHSI.
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BuBejeMo, Hampukiaj, peKypeHTHY QOpMyIy JJis 1HTerpaJia BHUIJIALY

dx
1, = —— Tom
/ (:132 + a2)” o

dx U= 2;27” dV - dSC, €T
(@2 +a®)"  |qU = —mds, V=u (22 +a?)"

1o / x2dx x Lo / (2% + a?)dz 5 2/ dx
n = n — 2na =

= 4 21, 200% .

(22 + a?)
3Bijcn
x x 2n — 1
oma’l, 1 = ————+ 2n—11,, I, = + I,.
e (22 + a?)" (2n—1) T ona2(x? + a?) | 2na?
Orxe,
x 2n — 3

I, = .
2(n — 1)a?(2? + a?)n! i (2n —2)a "

B okpemux BullajiKax 1pu iHTerpyBanHi (pyHKIIH, JIO CKJAJly SAKUX BXOJATH

pajuKaan BULIALY va? =+ a?, va? — 22, NOoNiIbHO BHKOPHCTOBYBATH TPHIOHO-
METPUYHI TMiJICTAHOBKU T = a sint, x = a tgt, ©* = ﬁ abo rinepboJiivuni
miJicTaHoOBKU © = asht, x = acht.

OpHak, cJIij 3ayBaskUTH, 110 AKINO IHTEIPYBAHHS 3 BUKOPUCTAHHSIM TPUTOHO-
MeTpudHuX abo rinepboJivuHUX I11JCTAHOBOK BUKOHAHE 1 € 1oTpeda IOBEPHYTUCDH
JIO TIOIEePeHBOl 3MIHHOI, 3alUCABIIA OCTATOYHUN PE3YyILTAT B paJuKasax, TO e

MO2KHa 3pO6I/ITI/I7 CKOPpHUCTaBIINCh OCHOBHMUMMU BJIaCTUBOCTAMMU O6epHeHI/IX TPUT'O-

HOMETPUIHHX 1 TiepOoiuanX pyHKIII:
sin(arcsinz) =z, cos(arccoszx) = z,

arcsin(—x) = —arcsinz, arccos(—z) = m — arccos z,
, T
arccosr + arcsinxr = 5

ne x € [—1;1],

arctg(—z) = —arctgx, arcctg(—x) = — arcctgz,
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s
arctg x + arcctgxr = 5

ne x € R,

x V1— a2
arcsin x = arccos \/ 1 — x? = arctg ——— = arcctg ———, = € (0;1),
V1 — a2 x

V1 — 12
arccos r = arcsin \/ 1 — 22 = arctg A arcctg %, x € (0;1),
x —x
t i t ! € (0; +00)
arctg r = arcsin ——— = arccos —— = arcctg —, @ :+00),
g V14 a2 V14 22 ®2
x 1
arcctg r = arcsin ——— = arccos ——= = arctg —, x € (0;4+00),
g o T g ( )

arshz = In(z +V1+22), ze€R,

archx =In(z + Vo 1;400),

1. 1+zx
the = =1 —1;1
arth x 2n1_x,x€( 1),

1 1
arctha::—lngj_F , T E
2 x—1

Bropasu

1. 3nuaitTn 3aan] IHTErpaJn, CKOPUCTABIINCH METOJIOM BBEJCHHS HOBOI 3MiH-

HOl 00 METO/IOM IIlJICTAHOBKHU:

1) / (z — 3)dz, 9) / #d;p,

3)/x2md:ﬁ, 4)/ v’ de,

5) / \/Lidx, 6) / ifg__xf de,
/ V2 + et i /mdx’

/ 2025f 10) dx
e eV/x2 —1

dx
“d 12) [ ———=
/xe - )/e2x+e—2x’

Larctg /z arcsin y/

¥ | arn @

Ly
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sin 2x
15 / sin® z cos z dx,
) 16) V9 — (3032
17) sinx + cosx d. 18) SInx cosSx d.

Vsinx — cos x \/sm x — 2cos?x
Int v1+1
19) /n—gxd:v, 20)/ iy,

Sin & cos x zInx

2. 3uaiiTu IHTErpaJn, BUKOPUCTOBYIOUN TPUTOHOMETPUIHI abo TirmepOosiitaHi

1JICTAHOBKU:
VA — 12
1)/\/@2—x2d:€, 2)/—4xda:
x
2

3)/\/%@, 4)/\/%,
5)/\/%&10 6) /@d:p
7)/3%%, 8)/x2\/mdx,

9) dx 10) dx
oi/22 — 3 2222 — 9

3. 3HaiiTy iHTerpaJiu, BAKOPUCTOBYIOUN METOJ, IHTerpyBaHHsI YaCTUHAMMU:

1) /xsiandx, /3x+4)e3“’da:,

3) /ZEQCOS?)ZCCZCIJ, /x Inzxdx,
| 2
5)/\/Eln2xdx, /nf
T

/ arcsin x dx, / x arctg 2x dz,

/ 2% arccos dx,

15) /arctgﬁd:c,

/e Tcosxdr,
% arcsin z dx, /ln -+ 1)d
T sec’ T dzx, / e?* cos 3x dzx,

2" dm
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17) / arcsin® x dz,

19) / sinx Intg x dz,

17

/ 20 sin? x dz,
In sin x
sin® x

4. MeTo10M iHTErpyBaHHS YaCTUHAMU BUBECTH PEKYPEHTHI (DOPMYJIN JIJIsT 3HA-

XOJIPKEHHSI 1HTerpaJiB (/s qoBiibHoro n € N):

1) /ln"xda:,
3) /cos”:z;da:,
5) /sh”:vda:,

x
7 ——dx
) /\/x2+a2

9) /e‘”” sin"xdzx, a #0,

5. SHaiiTn iHTErpan:
/( ' _ sin3z)? dz,

/x2+8x+1

) [

/:1:2+6x+2
vVr+1l—+vr—1

Vi+1++vr—1
1+lnaz

1+xlnx

9)

dx,

sin x In cos z dx,

Sin 2x

V 3 V3 —coslz

4 _

.’,U,

\\\\

8

2) /x”ea”dx, a # 0,

4) /tg”xdm,
6) /th”xdx,

) [ VT r ey,
10) / Cogfax'

257 — 95”

) | 5w
/ 1+§d$’
0/

2% arcsin dx,

e’

31112:1:
3 + 2sin? x

In 2" dx,

) | G
"
2 [
| s
o |
|

1—:1:2 1—3:27
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sin x cos & dx
19) / dr,  20) / .
Va2sin?z + b2 cos? x (a® + 2?)Va® + 22

Ilpuknaau po3B’ss3yBaHHsS BIPaB
SIN & COS &

1.18. Inrerpan I =
\/sin2 x — 2cos?x

dxr ODYHNCIIOETHLCSI METOIOM BBeEJIe-

HHs HOBOI 3MIHHOLI.

2 2

Hiiicro, ockinbku d(sinz) = cosz dx, a cos”x = 1 — sin”x, 10

I sin z d(sin x) _

¢
sina::t‘ :/—dt:
V3sinZz — 2 V3t? — 2

Sy R

3ayBaxkKuMo, 110 IIPU 3HAXOJKEHHI 1[bOI'0 IHTerpaJjia MU CKOPHCTAJIUCh METO-

JIOM BHECEHHs 3MIHHOI 11iJ 3HaK judepeHiiaJia.

[ToBepTatounch 0 MOYATKOBOI 3MIHHOI, OCTATOYHO OTPUMYEMO

1 / 2 1 2
]:ﬁ Sin2x—§—{—C:\/§Sin2x—§+C. >

2.7. Iiginrerpaybua yHKIis He Bu3HadeHa B Touni r = 0 1 nmapua. B 3Ha-

MEHHUKY I1iJ{ 3HAKOM KBaJIPATHOI'O KOPEeHs € BUpa3 x> 4 4, aKuii MOKHa 3pobuTn

TOUYHHM KBaJIpaToOM 3a paxyHOK IijicTaHOBKH x = 2tgt. Ilpu oMy mocTaTHbO

: ) LT
MPUITYCTUTH, O ¢ 3MIHIOEThCA MK 0 1 5 B rakoMmy BHIIaJIKy OTPUMAEMO

/ dx B xr=2tgt, _/ cothdt B 1/ dt B
i/ x? +4 _ 2dt 16tg t«/ tg t+1) 16 costtg4t

dx_cos?t
1 3¢ 1 1 — sint)d(sint
= Ta C.OS4 dt = — ( Sm, 4) (sin?) = Sint:z‘ =
16 sin“t 16 sin*t
1 1 1 1 1 1 1
)\ dr = — — 1 =— C.
~ 16 ( z2) TTRA T 16: U T T18sindt | losmi

[ToBepTarounch 0 MOYATKOBOI 3MIHHOT 1 BpaxoBYHOUN (hpOpMYJIY

x/2 > oz
1+ 22/4/ 4+ 2%

x
sin <arctg 5) = sin <arcsin
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OCTAaTOYHO OTPpUMaEMO

1 VAT 22P 1 Vira?

I _ ___ .y @@ 7 - e —
48 x3 + 16 T +C
1 VA+a2 [4+22 1 (2—2H)V4+a?
RS et P TS S C k) ek TS T
16 x 32 24 3

3.5. 3acrocoByroun JBiYl MeTOJ IHTErPyBaHHs YaCTUHAMH JIO IHTerpaJa

I = /\/Elnza:d:v, OTPUMAEMO:

U=W’z, dV=+zdz, 2 4
I = nr v dy :§:L‘\/Eln2x—§/\/§1nxdx:

dU =202 dy, V= 2z\/x

U=lnz dV=Zde| 2
— e Vde :gx\/EIHQx—ga:\/Elnaz+§/\/Ed:c:

dU:df, VZ%ZC\/E

2 16 2 4
= gx\/ElIle—gx\/Elnx+ﬁx\/E+C = gx\/f <ln2:r: — glnx + g) +C. »

2arcsinx BU3HAYeHA IIpU

5.6. Ockinbku mijiiHTerpajbHa (QyHKIIA &
r € (—1;1), 10 Jis 3HAXOJPKEHHS IHTErpaJjia 3pyYHO BUKOPUCTOBYBATH METOJI
IHTErpyBaHHS YACTHHAMUT:

5 _ U = arcsinz, dV = 2?dz,
I = | z"arcsinxdr = =

_ _dx _
U= v=z

3

, 1 / 3 J
= —arcsinr — - | ———=du.
3 3 V1—2x2
Ocranniil inTerpaj MicTUThL pajukas v/ 1 — x2, Tomy s Horo 3HaXO/KeHHsI

™ T

BUKOPUCTAEMO 3aMIHy & = sint, B3ABIN T € (— 5 5) Toi

T = sint, 1
= §/sin3tdt =
dxr = costdt

1 1 !
- _5/(1 — cos? t)d(cost) = —§ (COst _ CO; > +C.

7 _1/ r3dx B
T3 VI—22
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Ockisbku cos(arcsinz) = /1 — 22, 10

1 1 — g2 1
Ilz—gx/l—ﬁ(l— x)+C:——\/1—x2(2+x2)+C.

3 9
3BiJICH OCTATOYHO OTPUMAEMO

3

1
I = §abrcsimx%— 9 1—222+2°)+C. »
§ 1.3. InTerpyBaHHsl BUpa3iB, M0 MICTATh KBaJAPAaTHUN TPUYJIEH

Posrngnemo iaTerpaam BUrsy

/ dx Mzx+ N
I =

I, = d
ar? + bx + ¢’ 2 ax? + br + ¢ s

dx Mz + N /
I3 = . Iy = de, I5= ar? + bx + cdw,
’ /\/ax2+bx+c ! Var? 4+ bx + ¢ ’ \/
ne a,b,c € R, b —4dac # 0.

Buisimmo moBHUIE KBaJApaT B KBaJAPATHOMY TPUUJICHI:

9 5 b c 5 b v c
ax +bx+c:a(x +—x+—>:a(<x +—x+—)+(———)>=
a a a 4a? a 4a?
_a(<x+£>2+4ac—b2)
- 2a 4a? '

dac — b?

= +k2, o interpau I; Ta
a

Axio nosHaunT T + % = t, de = dt,
a

I3 3BejiyTHCs J10 TabsmaHuX. T00TO

1_1/ dt
Y7 ] 2k

a >0, abo I3 =

1 dt 1 dt
I3 = : , a < 0.
i \/5/\/t2j:k2 \/—a/\/k:Qj:tQ

[arerpanm Buy [o Ta Iy 3BOAATHCA JI0 IHTErpaJiB BiAmoBigHO [ Ta I3, AKIIO
BUIJINTH B YUCEJbHUKY TIOXIJIHY KBaJIPATHOTO TpUUjeHa. B HamoMy BHITAJIKY

Ma€MO:

)d:z::

M Mb
[2:/%(2Cll'—i—b)—i—(j\[_%
ax?® +bx + ¢

M 2ax + b p +<N Mb)/ dx
= — s - :
2a | ax?+bxr+c 2a ax? +bx + ¢
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M (2az +b) + <N a)
]42/ dr =
Var? +br+c
2ax + b ( b)/
\/ax2—|—bx—|—c a Var +br +c

Ocranni iHTerpau y Bupasax juid [y ta [4 — ne inrerpanu sugy I[; ta I3. B

nepHmx inrerpanax pobumo saminy ax’ + bx + ¢ =t, (2ax + b)dx = dt. Toni

2 b dt
/ WD = = In|t| +C = Inlaz® + bx + c| + C,
ax? +bxr +c t

2ax + b
dr = —2\/_+C—2 ax?+bxr+c+C.
/\/aa:2+ba:+c \/_ \/

[arerpanm [I5 micas BULIEHHS IiJT KOpeHeM IMOBHOI'O KBaJpaTy 1 BiJIIIOBIIHOL

3aMIHU 3BEJIyThCs JI0 BUTJISLY:

]5:\/5/\/t2ik:2dt, a>0, abo 15:\/—a/\/k2it2dt, a < 0.

Axmo a > 0, To 3aCTOCOBYIOUN METOJ, IHTerpYyBaHHs YaCTHHAMU, OTPUMAEMO

U=Vt2+k2 dV =dt, t2dt
[ - — a/t t2 :i: k2 — a / —_— =
5 Vaty/ Va o

. tdt _
dU = L V=t
(2 k> F k) dt
— Vat\/t2 £ k2— / W2+ k2 T+ k:2/
= Vaty/ Va NoEae = Vaty/ st+/a L

3BlcH

Vatyitt £ k2 N Vak? /
2 2 V2 £ k2

Iy =

Axmo a < 0, To

U=+Vk*+¢, dV = dt, (k? &2 — k?)dt
I5 - Y _at V ]f2 :I: t2 \ —CL/ —
dU = it V=t k2it2

V22’

= v—atVk2+ 82— I + \/—akZ/

VEZ 12

3BlacH

I — \/—at\/kzﬂztz \/—ak2/
5=

VEZE 12
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Otxke, mepeJsivueni iHTerpaJjn 3a JOIOMOIOI0 HaBEJIEHUX BHUIIE CIIOCODIB 1HTE-

I'pyBaHHA 3BOJATHCA 10 TaOJIMIHUX:

d 1
1) /—x:—arctgf—FC', a # 0,
a a

2+ a?
2)
r—a

dx
dx 1
_ 2
3)/x2—a2 2anx+a

N
dx
22+ g2
4)/\/m In|jz+ Va2 +ta?|+C, a#0,
2

/,/ — 2dy = —x2+%arcsinz+0, a # 0,
a
6)/\/x2ia2dx—

= arcsin£+C, a # 0,
a

+C, a#0,

[\DIH l\DI&

2
inGQﬂ:%ln’I—l—\/l'QiCLQ‘—I—C, a#0.
Bnopasnu

1. 3nuaiiTn iHTErpaJn:

dx dx
1)/x2+3x—|—2’ 2)/3x2—2x—1’

3) L 0 [t
vVt 43z +2 V2x2 —3r+4

dx
5 , 6 vV 8+ 3x — x?dx,
) V8 4 3x — a2 )/

7)/\/:(:2+x+4dx, 8)/\/x2+23:—9da:,

9) x+2 10)/ x J
x
Vai+x+4 V5 4+ — 22
z+1 2¢ — 1
11 12 —d
) Viz4+ao+1 )/x2—2x—|—5 o

T
13)/2:{:2—x4—3d$ 14)/\/3:4 —— dz,
3

15 x p 6x+1
) \/x4—2x2—1 © \/x—xz ’

17) z + z? /
m :r:4—:r:2+2
19) /x\/2:132—x4—3d;13, /

377

:166—:133—2
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2. ObuncanTH IHTErpaJIn:

dx /
9 2) )
et — 2+ be " \/1+67I—|—€72x
dx 1 / dx
3 sin? x—881nﬂccosaz—|—5cos2 sin® x + sin 2z

dx
6
sm:c+2008x+3 ) N2+ r+1

dx
VaZ+1 8)/(:1:—1)\/x2—2’

\\\\\

dx
10) [ — 2
(x 4+ 2)2 :U2+2x—5 ) 22+ 1
/x\/x4+2x2 1dx, 12) /x3\/x4+2:€2—1d:c,
1 —x+ 2? 2?41
dz, 14)
x\/1+x—x2 x\/1+x4
/ w)/ de
—3x+3 (22 4 2x)?

T
18 d
/ :1;2—|-1 v )/(2x2+3x+5)2 ©
/ m)/ =1
7 X.
(z+2)vV22 +1 (x 4+ 1)2Vx? 42

IIpuknaau po3B’sa3yBaHHS BIIPaB

1.11. Criouarky B KBajpaTHOMY TpudieHi o2 + x + 1 BUiianMo MOBHWIT KBa-

JIparT:
P4 r+1=a2"42 1x+1+3—(a:+1>2+3
- 27 4 4 2 4°
Tomi
x+%:t,
/ r+1 p / r+1 p )
€r = €T = — = —
Vat4 o +1 \/ g ! 2
ti dr = dt

t—5+1 1
2 dt + =

_/;ﬁf?ﬁ_/véfg 2/55%;_
SYEE RYSRN RN
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[ToBepHYBIHCH /10 TOYATKOBOI 3MiHHOI, OCTATOYHO OTPUMAEMO

1 1
I = x2+x+1+§1n’x+§+\/5€2+x+1‘+C. >

d
2.5. B inrerpam [ :/ ‘

- BUKOPUCTAEMO TPUTOHOMETPUUIHI
sinx +2cosx + 3

dopmysn
, LT x 9 X 9 X 2x 9 T
sinx = 2s8in —cos—, cosSx = cos” — — sin“ —, co +sin” = = 1.
2 2 2’ 2 2
Toumi
dx
]_/ dx / cos? 5 o
o S z x -2 in in2z
2sin § cos § + 5cos? § +sin” 23057_%54_ 2%
d(tgz dt
I I
tg?§ +2tg 5 +5 2 242t +5
dt t+1
=2 | —— =arctg—— 4+ C.
/(t+1)2+4 arctg 5 +
Orxe,
tgs +1
I = arctg 82 +C. »
2.19.B i Buny /‘ L S Ll -
.19. B interpani suny [ = X 3 BUpa3 BHI1JTMO
! (x +2)Va2+1 Y ey 2
IJIy YaCTUHY:
2?2 —1 3
=x .
T+ 2 T+ 2
Toumi
x—2 dx
vz +1 (x+2)Va2+1
n= [ -2 [ g [ e
2 2 2 2 2

241 —=2In|z+ Va2 + 1|+ Ch.

. 2 = b
-72:3/ r=1—2|=
(x+2)Va?+1 t

dt
t\/z—7+5

dx:—% =t

__3/ dt __3(/ dt B

522 —4t+1 /5 2 B

N V(T R
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3 2 4 1
\/gn 5+ 5 +5+ 2

I ‘ = ! ! +1’+C
— n - = — - .
V5 lz+2 5 (z+22 5(x—+2) 51 7

Orxe,

I=vz?+1-2Inlz+ V2> +1|-

1 ‘ ! 2+ ! ! +1‘+O >
— n — = — — :
5 r+2 5 (x+2)2 5x+2) 5

§ 1.4. InTerpyBaHHd pallioHAJbHUX (DPYHKITii

Ockinbky  1HTErpyBaHHS IJ101  palioHaJbHOl (yHKINT abo MHOTOUIeHA
f(z) = ag + a1 + asx® + ... + a,z", je n € N, ag, ag, as,..., a, € R,

IPOBOJINTHCS TPUBIAJILHUM YHMHOM, TO pO3IJIAHEMO CIIOCOOM 1HTErpyBaHH:A

P(x)
Q()

3ayBaKUMO, IO SKIO CTEMHb MHOTOUIeHa P(x) MeHImii 3a cTeniHb MHOTO-

paiionajabHOro Jipody f(x) = , e P(z) i Q(z) — mHOrouwienu.
wiena Q(x), To panjonaabHKil API6 HABUBAETHCS NPABUALHUM, B TPOTUIIEIKHO-
MY BUIAJKY — HENPAGUALHUM.

Aximo panjioHaabHUN Apib HENpaBUIBHUIA, TO JIeHHIM MHOrOYIeHa P(x) Ha
Q(z) fioro MOXHaA MOJATH y BUIVISAJL CyMH 11101 paiioHa bHol dyHKIT (1iaa
JaCTUHA) Ta MPABUJIHLHOIO PAIiOHATIBHOTO JApoby (jpoboBa dacTuHa), TOOTO

P(x) R(x)
Q(z) Q(z)’

ne T'(x) — muorounen, R(x) — ocraua Bif gigenns P(z) ma Q(z).

=T(z)+

Bijiomo, 110 NpaBUJIbHUN HECKOPOTHUI pallioHaJILHUN JPiO MOXKHA IMOJATH,
MPUIOMY €IMHUM CIIOCOOOM, Y BUTJISJII CYMU CKIHUEHHOI KIJTbKOCT] €JIeMEHTApHUX
palioHaJbHUX HPOCTUX JIPOOIB BUIJISIILY:

A A Mx + N Mx + N
2) —— 3) 57— 4) — :
(x —a) 22+ pr+q (2 4+ px +q)™

1)

)
Tr—a

ne A,M,N,a,p,q — nificai uncrna, p> —4q <0, k,m € N,
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PosrisineMo aJirOpuTM iHTErpyBaHHSI palliOHAJILHOI (PYHKINI, BBaxKaro4und i1

R(z)
Q(z)

1) Posksacru muorousien Q(x) Ha JiiHiiiH MHOXKHUKY, $IKi BIIOBIIAIOTH HOTO

IIPaBUJIbHUM palliOHAJbHUM JPOOOM

JIIiCHUM KOpeHsIM, Ta KBaJpaTHl TPUUJEHU, 10 He MAIOTh JIHCHUX KOPEHIB.

R(x)
Q(x)

MYIOYHCh TaKMX IIPpaBHJI:

2) Bamucatu Jpid yepe3 cyMy eJIeMEHTapHUX POCTUX JIPODIB, JIOTPH-

a) KOKHOMY MHOKHUKY (7 — a)f B MHOrousmeni Q(x) mocraputu y Bimmosi-

HicTH cyMmy 3 Kk JI0JIaHKIB

A A A
(x—a)*  (z—a)~1 7 xz—a

ne A;, i = 1,k, — ngificHl 9ucia, siki Ha3WBAIOTh HEBU3HAYEHUMU KoediuieH-
mamu;
6) JUIs KOXKHOrO MHOKHEKa B Muorowieni Q(z) surnsy (x? + px + q)™, e

p? — 4q < 0, CKJIACTH CyMy 3 M JIOJAHKIB
Bix 4+ C Box 4+ (s n n Bx+ C,,
(22 +pr+qm™ (24+pr+qmt 7 a2+pr+q

ne B;, C;,i =1, m, — HeBusHaueni KoedilieHTH.

3) Orpumany cyMy eJeMeHTapHUX JPODOIB 3BECTH JI0 CILJILHOIO 3HAMEHHMKA 1
MPUPIBHATH YUCETbHUK JIO MHOTOUIeHA R(T).

4) BuaiiTi HepusHaueHi KoedilieHTH 13 yMOBH PIBHOCTI JIBOX MHOTOUJICHIB.

Leit MeTO/1 BIIIYKAaHHST HEBIOMHUX KOEDIIIEHTIB HA3UBAETHCSI METTOJOM HE-
BU3HAYEHUT KOEPIUIEHMIE.

3ayBaKuMO, IO [pPU IHTEIPYBaHHI IMPABUJILHONO PalliOHAJbHOIO JIPoDy,
3HAMEHHUK SKOI'O Ma€ KpaTHI MHOXKXKHHKH, JOIIJIHLHO KOPUCTYBATUCH (POPMYJIIOI0

OcrporpachbKoro:

Q() Qi(z) Qa(7)

— NpaBUJIbHI palfioHaJIbHI JPOOH.

R, Jo) [ R,

e Rl(.il?) : RQ(I)
Qi(z)  Q2(x)

Ao muorowren (Q(x) Mae BTSN

Qx)=(x—a) ... (P +pr+q™-...,
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TO

Quz)=(z—a) (@ tpr+gmt

Q) =(x—a) ... - (@* +pr+q)-...

Ouermino, mo Q(x) = Q1(z) - Qa(x).

Akiio ny, ng, n — BijgnosijgHi creneni muorowienis Q1(x), Qa(x) i Q(x), 106-
TO N = Ny + Ng, TO creneni muorowienis Ry(x), Ro(x) 1 R(x) piBui BifmosigHo
ni — 1, ng — 1 i n— 1. Koedinjenru muorousenis Ri(x) ta Ro(x) uykaemo,
BUKOPUCTOBYIOUN METO]T HeBU3HAUEHUX KoedimieHTiB. s mMporo cnovyarky ju-
depentiiroemo 06m1B1 vacTuan popmyan OcTporpachKoro, a moTiM MPUPIBHIOEMO
KoeilieHTH 1IPU OJIHAKOBUX CTEIeHsIX 3MIHHOI X 3J1iBa 1 cupasa.

B pesysnbTari OTpUMYyEMO CHCTEMY 1 JIHIRHUX PIBHAHD 3 N HEBLIOMUMHU KOe-
dirienramu, sika Ma€ €JUHUN PO3B A30K.

BayBaxumo, 110 MHOrowIeHn Q1 () 1 Q2(x) B hopmyri OcTporpaichKoro Mo-
KyTh OyTH 3Ha#/IeH] 1 6e3 poskJaay MHOrodaeHa @Q(x). ificHo, ockiabKu moxijHa

Q' (x) micTuTh BC IPOCTI MHOXKHUKM, HA sIKI POBKJIaJIAEThCs (Q(T) 3 HOKA3HUKAMMU,

na oquuuio Menmmmu, 10 Q1 (x) = HCI(Q(x), Q'(z)). Toni Qa(z) = Q) :

BmpaBu

1. PoskiiacTtu palfioHaJibHI ApoOU Ha CyMy IIPOCTHX JIpODIB:

i i

1 2
)2x2—3x—27 >x4—25x2+4’
T — 2 r‘ —5H
3) —m— 4
):1:2—5:1:—67 )x4—5x2+6’
T 1
5 6
)x3n;5x2+83:+4’ )a:33+1’
T x> +x—1
7) :L*4—21’ >x4+4x2+4’5
-5
9) — 10) ’

xt 4+ 622+ 8’ 28 + 2724 + 24322 + 729
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2. O6unCIUTH IHTErpaJIn:

2z + 1

1 d
)/(513+2)(;U—3) “
x
3) 2:}52—3:18—de7
x2—1
5)/4x3—xdx’
2+ 1
7 d
)/(:1:2 (22 —4) "
9)/ i
xt+5x24+4 77
11)/ il d
(x— 122 —1)""
13)/ dx
(x+ )22+ 1)(23+ 1)
3224+ +3
15 d
)/(x—1)3(9:2—|—1) “
/3:4—6:C3+12x2+6
17) x,
3 — 622+ 122 — 8

3
T
19) /—(x —m dz,

PO3JIIJI 1. Hesusnauenutd inmezpas

dx
(x+1)(x + Z)QS:U + 3)3’

T
12 —_
) (:132—3x+2> az,

/
/
14) / (22 — 4o + 36)7;(;2 +4r +5)
/
/

dx
16
) xt+ 1’
2
x
18 ——d
) (1 —a2)3 ot
22 + 21 + 13
20 dx.
>/(:C2+1)(:L'3—2x2—|—x—2) v

3. 3uaiitn inTerpasu, BUKOpUCTOBy0In hopmysry OcTporpaichbKoro:

x4+ 222 + 4
3 d
) / (24 1)3 ot

9
5 d
) / 522(3 — 202)3
x+1
7 d
) /(:E2—|—2x—|—3)3 ©
z(22% 4 22 — 1)

) | o

4. 3naiiTu IHTErpaJIu:

54 .2
1)/x v dx,

20 +1

dx,
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8
x
3) /x18+2dx,

x4 4+ 522 4+ 4

2
4
5)/x + 5z + dr.

9
7) / (210 + 225 4 3)?

4
1
0) [ L da,
20+ 1

29

o[ (7)o
ak

d
x +99c3+8 s

dx, 8) / 1) dz,

7
10) /1—”501:;;.
(14 27)

5. Buectu pekypenTHi popMmysin Jijisi O0UNCJIEHHS IHTeTrPaJIiB:

n,m € N,

D / x”(ac—lfbx)m’

xn
2 —d
)/(a+bx)m z, ne NU{0}, m e N,

[ e 0 e amen
/ a? + 629:2 m e, 6) /a:(a2 j—kz?x?)”’ nel,
/x" a2 + b2:1:2 n,m € N, 8) / @ _d;ﬁ)n’ n € N,

/ — b2:c2 dr, n,meN, 10) /a:”(a2 ixb%%m, n,m € N.

IIpuknaau po3B’sa3yBaHHS BIIPaB

2.20. PoskJiajieMo 3HaMEHHKK I11J{IHTerpajbHOr0 IPaBUIbHOIO PalliOHAJIbHOTO

p 2¢% 4+ 2z + 13 Tox
0 . Toni
APORY (24 1) (23 — 222 + 2 — 2) 8
(2% + 1) (2 — 202 + v — 2) = (2® + 1)*(z — 2).

3a MeTo/IoM HeBH3HAYEHUX KOeIIIEHTIB 01aMO HiIIHTerpaJbHuil Jpi0 y BuU-

TJIsT 11
2x2 + 2x + 13 B A JrBa:+D Ex+ F
(22 +1)%(x—2) x—2 2+ 1 (22 +1)%

3BejieMo IpaBy YacTHHY PIBHOCTI JIO CIIJIBHOIO 3HAMEHHUKA 1 MPUPIBHAEMO

YuCeJIbHUKY JPO0IB 3JliBa 1 cripaBa:

202 +2r + 13 = A(2> + 1)+ (Bx+ D)(x — 2)(2* + 1) + (Ex + F)(z — 2) =

=(A+B)z*+(D-2B)x*+(2A+ B—2D+E)2*+(D—2B—2E+F)x+A—2D—2F.



30 PO3JLJI 1. Hesusnauenuti inmezpan

OTrpumaemo cucremy JIHIHHUX PIBHSAHD

z? A+ B =0,

3 —2B+D =0,

22| 2A+B—-2D+ E =2,
©|—-2B+D—2E+F =2,
2 A—-2D—2F =13.

3 mepimoro i gpyroro piBHsSHL MaeMo Bignosigao A = —B, D = 2B. Toxi
E=2+4+2B—-B+4B =58+ 2,

F=2+10B+4 =108 + 6.

3 octannnoro piBugnnsg orpumyemo B = —1. Tomi A=1, D = -2, £ = -3,
F=—4.

Orxe,

/ 222 4 27 + 13 J
€T =
(2 4+ 1) (23 — 222 + 2 — 2)

dx T+ 2 3r+4
= — dr — | ——————=de =1, — I, — Is.
/m—Q /x2+1 * /(:1:2+1)2 * b2

SHailIeMO KOXKeH IHTerpaJi 30KpemMa:

d
11:/ Yz 240,
r— 2

2 d 1
]2:/ s dx:/ v daz+2/ 2x = —In(2* + 1) + 2arctg x + Cs,
T

241 x2+1 +1 2
4 d(z? +1 d
]3:/ 3 + d_q;:%/M_i_gl/—x:
(2 +1)2 2) (x2+1)? (2 4+ 1)?
3 1 2 4o — 3
— + * + 2arctgxr + C3 = ‘ + 2arctgx + Cs.

2 2241 2?+1 2(22 + 1)

Toui ocTaTouHO OTPUMAEMO

/ 202 4+ 2 + 13
(x —2) (22 +1)2

3.4. CriouaTKy BUKOPUCTAEMO B IHTErpaJi 3aMiHy 3MIHHUX:

z? 1 z® 5 9 1 ¢t
/a:4+12dx_§/ x4+12d('x)_‘x _t‘_ﬁ/t2+12dt‘
( )

1 3—4
dx:ln|x—2|—§ln(x2+1)—4arctga:—|—2(x2—_f1)+0. >
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t4
B 1pobi m BUJILIEMO TILJTY 1 JpoOOBY YaCTHHU:
o . 27 + 1
(t2+1)2 (2 +1)%
Toui

2t 4+ 1
sdt = [ dt —
/ / /t2+1

o apyroro inTerpaJia cipaa 3acTocyeMo Gpopmyiay OcTporpaicbKoro:

dt.

/2t2+1 ,_At+B  [Dt+E
t2+1)2 241 2+ 1

[IpojaudepeniiitoeMo 0OMIBI YaCTUHU OCTAHHBOI PIBHOCTI:

2t + 1 _At2+A—2At2—QBt+Dt+E
t2+1)2 (t2 +1)2 241"

31

3BIBITH JI0 CIJIBHOTO 3HAMEHHHUKA, JIPOON CIIpaBa, 1 MPUPIBHSBIIN INCETHLHUK,

OTPUMAEMO PIBHICTD

W +1=—At>? —2Bt+ A+ Dt* + Et? + Dt + E.

3Bijicy, MPUPIBHSBINN KOEDIIIEHTH NPU OJHAKOBUX CTEINEeHsX 3MIHHOT ¢ 3J1iBa 1

CIIpaBa, OJIEPXKUMO CUCTEMY PIBHAHD:

;

D =0,
A+ E=2,

2B+ D=0,

A+ FE=1.
\

1
%mAz—?B:Ql%dLEzg

B pesynbrari orpuMaeMo

/2ﬂ+1dt 1t +3/ dt 1t +3 tet 4 C
s dl= = ——— + = = ——- —arc .
(2 +1)? 21 2 er1 2 gy iRl

Tomi

/—Ji—w b s et
= — — — arcC .
2+ 1) 2yl 2798
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JI71s1 TO9aTKOBOTO IHTErpaja OTPUMAEMO PE3YJIbTAT

z? J 1, 3 o224+ O
mx—§$ —f—ZxA—H—ZarcgiC—f— . >

5

2

dr BHeceMO x*° TiJ 3HAK JIH-

€T
4.6. B nimiHTerpaJbHOMY BUPa3l

. b Y Bup 20 4+ 923 + 8
depenmiagy. Toi

5 1 3d(z? 1 t
S Ry RN PRI Y SR
20 4+ 923 + 8 3 ) a6 +923 48 3 ) t249t+8

st po3KJIajly 1paBUILHOIO pallioHAJILHOTO JIpOOYy BUKOPUCTAEMO METOJI He-

BU3HAUECHUX KOEMIIIEHTIB:

t A N B (A+B)t+8A+B
t+1)(t+8) t+1 t+8  (t+1)(t+38)
1 8
Beijgcn A= —=, B=—.
B1JICH = -

s inrerpana [ MaeMO pO3KJIal

t 1 dt 8 dt
dt=—- [ — +2 | — =
(t+1)(t+8) T)t+1 T7) t+38
1 8
=——Injt+ 1]+ -In|t+8 +C.
7 7
[Ticg moBepHeHHS 1O TOYATKOBOI 3MIHHOI OJIEP2KUMO OCTATOUYHUN Pe3yJIbTaT:
1 3 8 3
I= —?ln|aj +1|+?1n\x +8/+C. »

5.7. Beengemo nosnaueHms

dx
Inm - ) ) N.
) /xn(a2 +b2x2)m n,me

Hexait n > 2, m € N. Toui
1 a’® + b?x? — b*z? 1 dx
Ly = — dr = — —
’ CL2 xn(a? + b2x2)m CL2 x"(a2 + b2x2)m—1

b2 dx 1 dx b2 7
Y - 5 - —S54in-2,m-
CL2 xn—2<a2 + beQ)m (12 xn(a2 + b2x2)m—1 (12
JList nepiioro inTerpaJa mo3HaduMo

1 dx
U=tavoap V=0
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Tomi
20%x(1 — m) 1
(a® 4 b2x?)™ © (1 —n)zn-1

1

1 1 2b%(1 — m) b
Iy =——=-" B S S
’ a’> (n— 1z Ya?+?22x2)" 1  a?(1 —n) ) 2 2
1 1 b 2m+n— 3[

OrKe, gKINO N HapHe, TO BUBEJICHA PEKypeHTHa (hopMyJia IpuBese 10 00Un-

CJIeHHsI 1HTerpaJia

7 _/ dx B 1/ dx
0,m (a2 + b2z2)m b2 ((bl_;"‘ﬁ)m.

PekypenTna (opmysia Jjis OCTAaHHLOTO iHTErpaJja ojep:kaHa B §1.2.

ZKIo n HemapHe, TO BCTAHOBJICHA HAMHU PeKypeHTHa bopMyJia IIPHUBEJE JO

O0UMCIIeHHsI 1HTerpaJa

[ / dx
Lm = z(a? + b2ax)m

BuejieMo pekypeHTHY hOpMyJly JiJisi 3HAXOPKEHHS 1boro interpaJia. st

m > 1 orpumaemo

1 2, 12,2 122
- /a + bz bxda::

U g x(a2+b2x2)m

1 / dx b2 / T p
= - — Tr =
@) z(a®+p2a2)n1 @2 (a2 + b222)™

L y
g2ttt 2a%(m — 1)(a? + b2z2)m—1’

a g m = 1 Mmaemo

1 [ a®+ b2 — b*a? 1 [do b x
hi=23 e B [ o s =
a z(a? + b?2?) a r a*) a*+ b

1 1 5 9 9 1 z?
:gln\x\—ﬁln(a +b:z:)+0=2a21na2+b2x2

+C. »
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§ 1.5. InTerpyBanHsd ippalfioHaJbHUX (PYHKITIA

Posrisinemo jiesiki Tuiiy iHTerpaJiis Bij| ippaliioHaibHuX PyHKIIIH, sKi 38 10110~
MOT'OIO II€BHOI ITJICTAHOBKM MOKHA 3BECTHU JIO 1HTErpaJiiB BiJl pariioHaJbHOI (PyH-

KIIIT, 1K1 ByK€ BMIEMO 1HTETPYBaTH.

my mp
ar+ [f\m™m ar + B\ ™
1. Iurerpamm BumIy Rlx,| —— N B — dx, ne
yx + 90 yx 49
m;,ni,t = 1,p, — HATYpaJbHI uncia, a,S,7y,0 — 3ajaHi JificHl dnrcia, TPUuIOMY
. ar + (3 :
ad — By # 0, 60 iHAKIIE ——— He 3ajexKaTuMe BiJl T.
yr + 0
Taxi iHTerpaam 3BOAATHCSA JO 1HTErPaJiB Bl palloHaJLHOI (DYHKINT 3a J0-
: ax + 3 k : . .y
IIOMOI'OI0 111JICTaHOBKH poeany = t", ne k — culjbHUl 3HAMEHHUK JpODIB —,
T Uz

1=1,p.

2. Inrerpanau Buy /R(x, Vaz? + bx + c)dxr, a # 0, 3B0AsIThCsI JI0 iHTE-
rpaJiiB Bij palioHaJbHUX (DYHKIINA 3a JOIOMOrowo mijicranoBok Eitnepa. Bubip
MiJICTAHOBKYM 3aJIesKUTh BiJl KBaJpaTHOrO TpudieHa axr’ + bx + ¢

a) k1o a > 0, TO BUKOPUCTOBYETHCs OJiHA 13 HACTYITHUX I11JCTaHOBOK:

t=+az? + bz +c++Vazr, t=+ar:+bxr+c—az,

t=—Var2+br+c++azr, t=—vVar+br+c—+ax,

sKa Ha3UBA€TbCsa nepwoto nidcmanosroro Etinepa;

0) sikio ¢ > 0, T0 BUKOPUCTOBYEThCS OJ[HA 13 HACTYITHUX IiJICTAHOBOK:

L vaz? +bxr +c— /¢ L vVaz? +bx +c+ 4 /c

Y

x x
t_—\/ax2+bx+c+\/5 t_—\/axQ—l—bx—i—c—\/E
x ’ N x ’

sIKa HA3UBAEThCsi dpyeoro nidcmanosxoto Etaepa;
B) SIKINO X1, Ty — JIHCHI Pi3Hi KOpeHi KBaAPATHOTO TPUUJICHA azx?® 4 bx + ¢, TO

BUKOPUCTOBYETHCS OJ[HA 13 M1CTAHOBOK

sKa Ha3UBAETbCs Mpemsoro nidcmarnoskoro Eliaepa.
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BayBaXXnUMo, 10 CIOocOOH iHTerpyBaHHs a), 0), B) BUYEPIYIOTH BCEMOXKJIMBI
Bura k. OJiHaK, 00UKC/IeHHS IHTErPaJIiB 3a J0IIOMOIOIO IijicTaHOBOK Eitiepa, sk
LIPABUJIO, IPUBOJUTH JIO JIOCTATHBO CKJIAIHKX palioHabHuX GyHKIIA. Tomy ciri
HOIIEPETHLO IIePEeBIPUTH, UM HE MOXKHA OOYUCIUTH 1HTErpaJj OLIbII 3pyUHIIIAM
C1I0CcOOOM.

3. InTerpanu Buy
/:J:m(a +bx" )P dx, a,b€ R,

Jle m,n,p — palioHaJbHI YUC/Ia, 3BOJSATHCs JI0 IHTEeIrPaJiiB Bijl paiioHabHOl (DyH-
K1l 3a jgoromoron nidcmarosox Hebuuwesa.

Bupas z™(a + bx")Pdx, a # 0, b # 0, HasuBaerbcsi JuPEPEHUIAALHUM
b6iHoMOM 20O BiHOMIGAbHUM dugeperuyianom. [THTerpas Bij audepeHIiaib-
HOT'O OIHOMA ODYMCIIIOETHCSI B CKIHUEHHOMY BU/II JIKIIIE B TPHOX BUITAIKAX:

a) KO p € Z, TO BUKOPUCTOBYETHCS 111/ICTAHOBKA T = t* ne k — cruinbnumit

SHaMCEHHUK YHUCEJI 1 Ta 1,

m+1 :
0) sIKIIO — € 7, TO BUKOPUCTOBYEThCs TiijicranoBKa a + bz = t*, ne k

— 3HaMEHHUK YHUCJIa P;

m+ 1 : a+bx"
B) SAKIIO — +p € 7, TO BUKOPUCTOBYETHCH I11JICTAHOBKA, = t", ne

k — 3HAMEHHUK YUCJIa P.

1 1
Teopema Yebuwesa. Hrxuo srcodna 13 ymos p € 7, m’ ez, m—I—pGZ
n n

He BUKOHYEMBCA, Mo JuPepenyiarvrut 01HoOM 6 eAEMEHMAPHUT GYNKUIAT He
IHME2PYEMDBCA.

P
4. Inrerpaju By / N j(be)x — dx, ne a,b,c € R, P(x) — MHOrOwWIeH

N-ro CTeleHst, MOKHa 00YMC/IUTHA, BUKOPUCTOBYIOUN HOr0 300parkKeHHsl y BUIJIs i1

CHIBBLIHOIIICHHS

P(x) / dx
dr = Q(x)Vax? +bx +c+ A ,
/\/ax2+bx+c @ )\/ Var? +bx + ¢

e Q(x) — muorowren (n — 1)-ro cremens 3 HeBimoMuMu Koedirmientamm, A —

HeBlJJOMa KOHCTAHTA.
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Koedinientn muorowiena Q(x) i A 3HAXOAUMO 38 METOJIOM HEBU3HAUEHUX KO-

ediIienTiB, Monepe Hbo IpoaudePeHII0BaBIIT O0K/IBl YACTUHK BUIIIE HABEIEHOIO
CIIIBBIJIHOILLIEHHSI.

| | / P(x)
B pesynbraTi, o0UnCcIeHHs 1HTerpaJa
Vax

dx 3BesieThes J10 00-
24 br+c
. dx
YUCJIEHHST 1HTEerpaJa
Var?

5. Inrerpaju Bujy

Adzx

(1o MicTUTH KBaJPATHUI TPUUJIEH ).
+bxr +c

e A,a,a,b,c — niiicni un-
(z — a)"axr? + bz + ¢ Y
: 1 dt
cna, k € N, 3a J10110MOro0 IiJCTaHOBKA T = n + a, dr =
POBIISHYTUX BHUIIE.

2 3BOJISATHCS JIO
Mz + N
6. [nrerpamm Buy

dz, ne M,N,p,q,a,b,c
(22 + px + q¢)"Vax? + bx + ¢ P

— giificni uncaa, m € N, npudomy p? —4q < 0. Posrusnemo Jiyis Takux inTerpasis
JIBa CIIOCODM 1HTErpyBaHHS.

a) SIkmo ax® + bx + ¢ = a(x® + px + q), TO HABeEHUI IHTErPaJ 3BOUTHCS
: Mz + N
JI0 ODYMC/IeHHs 1HTerpaJa BULY

(22 + px + q)
3BOJIUTLCA JI0 OOUUCICHHS CYMU JBOX IHTETPAJIiB

s AT, AKNil, B CBOIO HepTYy,
2

M 2z + M
- / x p — dx _|_ ( _ _p
2 ) (x2+

dx
pr+q)° 2 2)/(332—!-

2m—+1 *
pr+q) >
CKOpHUCTABIINCH M1ICTAHOBKOIO 2+ pr 4+ q = t, OOUNCTIOEMO TIePIIHUil 1HTe-
rpaJi.

[Ipu obuucsenni Jpyroro iHTerpaJa MOXHa CKOPUCTATUCH NIOCTMAHOBKOO
Abeas, a came

20 +p

/
t:<\/x2—|—px—|—q) = abo t\/xQ—l—p:I:—l—q:x—F]—?.
2\/2? +pr+q 2

Aximo migHecTn 00MIBI YACTUHM OCTAHHBOT PIBHOCTI JIO KBAJAPATY, TO JIICTaHE-
MO

2 P
q__
tQ(m2+px+q):x2+pm+p— abo =2+ pr+q= 4

11—t
Akio 1o camy piBHICTH NPOAUQEPEHIIIoBaATH, TO OTPUMAEMO

dt !
d—\/:c2+px+q+t<\/x2+p:c+q> =1 abo
T

dz ot
Vatpr+q 1-t%
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Orxe,

/ dx / 1 dx
(2 +pa +q)™% (@ +pr+q)™ /22 +px+q
4 m
= 1 — %)™ tdt.
(4q—p2) /( )

6) dximo azx® + bx + ¢ # a(x* + px + q), To UpK b = ap BUKOHAEMO 3aMiny
Mx + N

T+ b_ t, sika OOYHMCJICHHS IHTerpaJia dx 3Bee
(22 + px + q)"Vax? + bx + ¢

JIO OOYKCIICHHSI IHTerpaJia, BULy

Mt—2M+ N
/ - 2 - dz.
(12 +q— %)m\/atz—Fc— =
. . at + 3
Axmo b # ap, TO BAKOHYEMO JPOOOBO-JIHIIHY MICTAHOBKY & = T T TRV,

o6 y MoJanHi KBaJPaTHIX TPUUIeHIB 2 + px + q i ax?® + bx + ¢ yepes 3MiHHy
t Oysn BifICYyTHI J0JaHKH 3 T.
[TijicraBuBIM BUpa3 Jist © B KBaJAPATHUN TPUUJIEH 1 MTPUPIBHSABIIN KOeiIli-

€HTH OlJist 3BMIHHOI £ JI0 HYJIsI, OTPUMAEMO CUCTEMY

2a6 4+ pla+ B) +2q = 0,

2aaf + b(a + B) + 2¢ = 0.

2b — 2ap # 0. Orxke, BOHA Ma€ €IUHUI PO3B 30K

aq — ¢

_cp—Uq
CYB— b—CLp7

b—ap’

a+ [ =2

TOOTO v 1 3 € KOpeHsIMI KBaJAPaTHOrO PIBHSIHHS
(b—ap)z* +2(c —aq)z+cp —bg =0

3 JIOJATHUM JUCKPUMIHAHTOM.

[Ticsist Takol miicTaHOBKY TOYATKOBUI 1HTEIPaJI 3BeIeThCs JI0 IHTerpaJia, BULy

/ P(t) 0
2+ N/t + v

ne P(t) — muorowren cremenst 2m — 11 A > 0.
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OcranHiit, B CBOIO Uepry, 3BOJIUTHCS 10 OOUUCIEHHS IHTErpaJIiB BUILY

/ At + B Y
B+ N/ ut2+v
e k=1m.
3ayBaKnUMO, 1[0 TAKOTO CaMOT0 BHUJY € IHTerpaJ y BUNAJKY, Kojn b = ap.

[Topapimm ocTanHiii iIHTErpaJ y BUIVISI CyMH JBOX IHTErpaJiiB, OTPUMYEMO, IO
t

1HTEerpaJ /
(12 + Nry/ut? + v

dt t
— nijicTaHoBKO0 Abesst u = H

a IHTerpaJl _.
/(t2+)\)’f\/,ut2+l/ V2 + v

dt parionasisyerhcs miacTanoBkoo ut? 4+ v = u?,

Bopasnu

1. 3naiiTu iHTErpaJsu BiJl ippaliioHaJbHUX (DYHKITIA:

1)/ [14+a clw7 2)/(:1:—2) 1+:de’
l—2 1—=2 1—2x

1+=x r+1 dx
4
3)/ x—ldaj, )/V:L‘—l r

\/x—l—l—\/x—ld 6)/ dz
’ 1—x\/1—a72’

1
7)/\3/%% /\/i x+1
VL 311 w) [ <1+2f+f>

vV dx
w ore | o
—xd% 14) —x,
Vad 4 Vb

i
16 d
VT + o+ 2y >/\/x+1+\%:+1 v
17)/—V x_l-d—f, 18)/ dr ,
Ly v<x+1>2<x—1>4

T
19) [ ——dz, ,
) 4 xg(a — :U) / \/ n—|—1 b)n—l

a # b.

2. O6uncyuTH IHTErpaJsu 3a JOIOMOIO0 IijcTaHOBOK Eiiiepa
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dx dx
1 .2 ,
)/1+\/x2+2x—|—2 ) r—Var?+2x+4
3)/ dx 4)/ dx
1—|—\/1—29:—:L'2’ T+ Vel+a+1
5) 2? + 4o 6)/ xr—1 I
\/$2+2x+ (22 + 22)Va2 + 22
d
7)/ dx 8)/ ‘ ,
\/x2+sc+1 (1+2)V1+x— 22
— 7/ 2 3 2
9)/\/x6—x4dx, 10)/:6 s
x+ V2 +3r+2
3. 3uaiiTu inrerpaJn Bij jgudepenniaabHuX OIHOMIB:
5
1) /Lde A—
(1+ V) VvV1—a?
x dx
3 /—d:r: 4 ,
) V1 Va2 | v41+w4
5)/ dx /
Vil g ot xg\s/j
dx
7 / , 8 /\/1—!— v/ dx,
) 22/ (14 23)° ) ve
Y1+ 229)2 .
9)/ ( +6 ) dx 10) /%\/lﬁ—x%dx.
x
4. O0UuCaUTHA IHTErPAJIH:
b [ ) [ et
(x+ D)V1+z+ a2 1—:6—562
3)/ * dx /
(2= D)Va2—z—1 x\/2+x—:c2
x+1
5)/ dz, /
(2 +zx+1)Val+oz+1 r—1)3 x2+3x+1
dx
o , / A
(x +1)°vVa? + 2z (x 4+ 1) 1—|—2x—x2

dz
°) / (1 —29)V1+2?

d
—3x+2\/ —4x + 3

39

X.
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IIpuknaau po3B’sa3yBaHHS 334

1.9. B miginrerpajbHoMy BUpasi HaABHI paJuKain \/2x — 3 1 v/2x — 3, ToMy

: . 0+ 3
pobumo 3aminy 2x — 3 = 0. Toui x = —5 Orxe,
V27 =3 r =15 8
- dr = =3 5 dt.
V2r—3+1 dr = 3t5dt t*+1
t8
B ocrannbomy iHTErpaji Mae€MoO HelpaBUJIbHUN pallioHaJbHUME JIpi0 TR
Butiumo ity 1 JpoboBy YaCTHHU IIHOTO JAPO0Y:
t8
=0 — ¢t 442 .
t2+1 * t2+1
Tomi
3/ e dt—3/(t6 th+ 12 1)dt+3/ LI
2+1 2+1
3T 3t°
7— ?+t3—3t+3arctgt—i—0.

[ToBepHyBIIKUCH JI0 TOYATKOBOI 3MIHHOI, OTPUMYEMO OCTATOYHY BIJIIIOBI/Ib

2 — 3
Y. N P A o

+v2xr — 3 —3v2x — 3+ 3arctgv2z —3+C. »

2

2.3. OckinbKHU B KBaJIpaTHOMY TpuwieHi 1 — 2x — x° maemo, 1mo ¢ = 1 > 0,

TO BUKOPHUCTAEMO JIPYTY MifcTanoBKy Eitrepa:

V1-—-2x—a22=tx— 1.

[TiHecemo 0OMIBI YaCTUHKM PIBHOCTI 10 KBaJIpaTy:
1 -2z — 2 = t*2* — 2tw + 1.

Tomi
t—1 o2 —t2 4+ 1
r=2—— dr—2. "
t2+1 (2 + 1)
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41
Orxe,

dx
/ —’x/l—?x—xQ—taZ—ll—
14+ V1 —2x — 22

e 2% — 1241
B =Sl Ty
AN

B pesynbraTi 3acTOCYyBaHHS IPYTOl MiACTaHOBKK Eilyiepa oTpuMaJsn iHTerpaJ

Bl pamionaabHol ¢yukiii. Poskiajgemo miginrerpaiabay (HyHKIIO 33 METOIOM

HeBU3HAYEHUX KOeIlieHTIB Ha 11POCTi JIpodu:

—D@E+0) i1 el
 (A+B+ D)+ (-A-D+E)*+(A+B—-E)t—A
B tt—1)(t2+1) '

—t*4+2t+1 A B Dt+E

3BiICK MaEMO CHCTEMY

,

A+ B+ D=0,
—A-D+ FE = -1,
.
A+ B—-FE =2,
—A=1,
\
poss’sizkoMm sikoi € A= -1, B=1, D=0, £ = —2.
OTrxe,
/%igjgidt_ /dt+ dt 2/ dt
t- =L t t—1 24+1

—In|t|+In|t — 1] — 2arctgt + C.
, V1—2rx—22+1
3pobuBIiy 3BOPOTHIO 3aMiHy ¢ =

, OTPUMAEMO OCTATOYHUMI

x
PE3YIIBLTAT
dx V1-2r—224+1—2 V1-2x—22+1
=1In — 2arctg +C.»
1+v1—-2x—22 V1—-2x—2%24+1 x

3.10. Ilepersopumo miginrerpanbiuii Bupas /r+/1 + x/xrdr no Burmasiy
1

7 1
nudepenIiiajgbHOro OiHoMa, 3 (1—|—I§>7 dx. Tonl orpumaemo, 1Mo m = 3
1 4
=—,n=-.
P=7 173
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1
Ocklyibku p = - ¢ 7, 1to uepiia nijicranopka debuieBa Ha 11JIXOUTh.
. m+1 3+1 _
OckiIbKI = = 1 € Z, 70 MOXKeMO BUKOPHUCTATH JIPYTY MiICTAaHOBKY
3
YeGumesa, 10610 1+ z3 = 7. Toxi « = (7 — 1)1,
Orxe,
; z= (T - 1)1, 21 21
/x§(1+x§>7daj: ( ) ) :—/t7dt:—t8+0.
do = 250" —1)~iat| 4 32

[Tosepratounch J10 OYATKOBOI 3MIHHOT T, OTPUMAEMO PE3YJIbTaT:

/%\7/1+x\?/§da:: 2—;{/(1+x€/§)8+a >

r+1
4.5. IliginTerpanbuuii Bupas dx TepeTBOPUMO JI0
P P (2+z+D)Va2l+az+1 peEROp
r+1 .
BUTJISATY - dx. Tomi
(22 +2+1)2
1 1 2 1 1 d
/ v 3da::—/ v 3d3:+—/ I S
(x2+2x+1)2 2) (224 2z2+1)>2 2) (2242 +1)2
3Bijcu
1 fd@®>+z+1 1
I = —/ ( 2 = — + Ch.
2) (22+x+1)2 vat+z+1

[Tpn obumcenni inrerpasa Iy BuKopucTaemo mijgctanoBky Abess, a came

/ 2¢ + 1
t:<\/:c2+x—|—1) = .
Vi +x+1

Tomi
1

1—1t%

1w

x2+x+1:

3 iHmoro 60Ky

dt 4
d—\/x2+x+1+t(\/:v2+w+1) =1,
T

TOOTO
dx _dt
Veldo+1 11—t
Orxe,
1 dx 2/ 2 20+1
I =— =- [dt=-t+Cy = +Ch.
’ 2/(x2+x+1)\/x2—l—x+1 3 3 SN e E
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Tomi

1 o + 1 % — 9
v c—_ “* Lo .

+ +
vViz4+oz+1 3vVal+ax+1 3Vri+r+1

L+ 1, =—

§ 1.6. InTerpyBaHHA TPUTOHOMETPUIHUX (PYHKITII

Posrnignemo merojm iHTerpyBaHH:d BHpa3iB, MO MICTATL TPUTOHOMETPHIHI
dyHKIIl.

1. larerpanu BurssiLy /R(sin x,cosx)dx, ne R(sinz,cosx) — palioHaabHa
QyHKIIIsS, 10 3aJeXKUTh BiJ SINX Ta COSX, B 3araJibHOMY BHUITQJIKy 3BOJSTHCSH
JI0 iHTerpyBaHHst pauioHajibHOl (byHKUIT HOBOT 3MIHHOI HijicTaHOBKOIO T = tg 3,

—7m < x < m. MHiiicHo,

_ 2tg % 2t 1—tg®5 1—+¢
smmx = 2$:1 5 cosasz1 236:1 5
1+tg?5 1+t +tg?5 1+t

2dt

= 2arctgt, dxr = .
x arctgt, dzx e

_ 2t 1—1t*\ 2dt
/R(81nx,cosx)dx:/R<1+t2,1+t2> T

Omrxke, inrerpaJm / R(sin x, cos x) dx 3aBx 1 6epyThCst Y CKIHUEHHOMY B/

Toi

Jlana mijicTaHOBKA HA3UBAETHCS YHIBEPCAALHOMW MPU20HOMEMPUYHOIO Ni0-
CMAHOBKO0I0.

BayBaxkKumo, 110 B HaraThoX BUIAAKAX BOHA, IPUBOJAUTH JIO IPOMI3JIKMX 1HTE-
rpaJis.

Posriisinemo BuIIa Ik, BUKOPUCTOBYIOUHN SIKI CYTTEBO BIACTHLCA CHPOCTUTH 3HA-
XOJI?KE€HHs 1HTerpaJin / R(sinz, cosz) dx :

a) sIKIO BUKOHYEThCs piBHicTh R(—sinx, cosz) = —R(sinx, cos x), To kopwu-
CHO BUKOPUCTOBYBATH IIJCTAHOBKY COSX = t;

0) SIKIO BUKOHYEThCs piBHICTH R(sinx, — cosx) = —R(sinx, cos ), To Kopu-
CHO BUKODPUCTOBYBATH HiJICTAHOBKY SIn T = t;

B) SIKITIO BUKOHYEThCS piBHICTH R(—sinz, —cosx) = R(sinx,cosx), To Ko-

PUCHO BUKOPUCTOBYBATHU I1JICTAHOBKY tgx = .
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2. Inrerpamu BurssiLy /sinmxcos"a:dx, e m,n — pallloHaJbHl Yuca,

T € <O; g) Pozragnemo nacTynni BUTIAIKN:

a) xo4ya 6 ojHe i3 uncesm m abo n — HemapHe jojarHe 4ucjao. Ko n —
HelapHe YuCJI0, TO 3aCTOCOBYETHCs IMJICTAHOBKA, SINX = t, SIKIO 1M — HENapHe
JUCJI0, TO 3aCTOCOBYETHCS TMiICTAHOBKA COST = t;

0) obujiBa MOKA3HUKM CcTerneHiB m i n — napui HeBijg'emui uncia. Toml npu

IHTEerpyBaHHI OTPIOHO 3aCTOCOBYBATH (DOPMYJIN

9 1 + cos 2z . 9 1 — cos 2z
cos"r=———, sin“x=—-——;
2 2
B) sikio m +n = —2k, k € N (m + n € uium napaum BiJI'€MHUM YUCIIOM ),

TO JIOIIJILHO BUKOPUCTOBYBATHU TiJCTAHOBKY tgx =t abo ctgx = {;

r) B IHIKUX BUTAJKAX IHTErpaju BUTJISLY / sin™ x cos" x dx 3pydHO 3BOANTH

n—1

3aMinoo sinx = t J1o inrerpaJis Bij qndepenniaabHoro binoMa / m(1—*)"z dt.

Ocranniit inTerpay 6eperbcs B CKIHYEHHOMY BHU/II TIILKU Y TPHhOX BUIIAIKAX:

n—1 :
1) sk € 7, TO BUKOPUCTOBYETbC 3amina t = 2F, je k — 3HaMeHHUK
qucsia m;
m+1 .
2) KITO 5 € 7, TO BUKOPHCTOBYeTbCs 3amina 1 — t2 = 2F ne k —
n—1
3HaMEHHUK INCIa 5 ;
n—1 m+1 N
3) SKIIO 5 + 5 € 7, TO 3aCTOCOBYETbHCS 3aMiHa, 7= 2", e k —
n—1

3HaAaMEHHUK 4YUCJIa

3. lurerpau BurisamLy / tg™ x dx abo / ctg™ xdx, ne m — uine goxarne

YUCJI0, 3HAXO/ISIThH, BUKOPUCTOBYIOUYU (OPMYJIn

1 1
—1 abo ctg’z = 5

P -
Cos~ T S~ x

thx =

4. TurerpaJiu / sin ax cos bx dz, / cos ax cos bx dz, / sin ax sin bx dx 3B0-

JISITH JIO MPOCTIIINX 3a JOIOMOI0OI0 TPUTOHOMETPUUHUX (POPMYI:

sin ax cos bx = = (sin(a + b)x + sin(a — b)x) ,

DO | —
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COS ax cos bxr =

sin ax sin by =

45

% (cos(a — b)x + cos(a + b)x),

1
5 (cos(a — b)x — cos(a + b)x).

Bnopasu

1. 3uaiiTy iHTErpaJu, BAKOPUCTOBYIOUHN yHIBEpCAJbHY TPUTOHOMETPUIHY IIiJI-

CTAHOBKY:

d
D [
4 —3sinx
/ dx
3) : ,
sinx +cosx + 2

5) /2—smxdaj7

24 cosx

7)/ dx
8 —4sinz + 7cosz’

/sinx+2c:osa:—3
9) : dx,
sinx —2cosx + 3

2. 3uaiiTn iHTErpaN:

/cos xdr,

COS LU

SlIl 33'

)
) =5
")

sin® x cos 2x dx,

/ cos 3x
dx,
sin x + cos 2x

sin? z cos* dx,

sin? x cos5

"
| s
/
o |

1+ (:052

d
o
1+ 2cosx
4) 1+ sinx

T
sinz(l+cosx)

6+cosx

5—|—4smx
10 / 2sinx + cosx

3sinx +4cosx — 2

/231nx—cos:€+5

dx.

2) /sin6xd:c,
4)/ sin? z J
x
cosT + cos2x
.3
sin® x
6 d
)/cos2x ©
8)/ cos?® x p
—  dx
sinzcos3xr
. 4
10) /Smeda:,
cosb x
12) /sin5xcos5xdx,
dx
14) [ —2&
)/ sin* z cos* x
d
16) / —
1 —sin“zx
18) /Ctngd:I;,
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19) /tg5xdx,

3. 3HaiiTu iHTerpaJu:

X
]-) ﬁ?
S111~ X COS

\\
c;éf
H

cos® ax cos® bz cos 3x dz,

/ cos x cos 2x cos 3z dx,
) /

SlIl Z

1+sm :z:

sm T + cos4

sin? x — cos? x
dx,

sin* z —|— cost x

)/sm 62+ cosb

4. 3HaiiTi IHTErpaJn:

/sm(n—i— 1)x cos" ! x du,

sm 2n +1

T
")

d:z:,

sin an

sinx
sm 2n +1

0 [
/

da:,

cos 2n +1

dm,
cos T

sin 2.7;

sin” 33'

/ cos? T g
a?sin®z + b2 cos?z)?

PO3JIIJI 1. Hesusnauenutd inmezpas

20) / (tgx + ctg z)? da.

dx

(sin® z + 2 cos? )

6) [ sin3xcosbx dx,
8) [ sinxsin R dx,
2 3
10) /tg rtg(x + a)dr,
SIN T coS &
12) / : x,
ST 4+ cosx
sin x
14 dx,
) / sin® = + cos3
16) / .(30882 rsin®z dr.
sin® x + cos8 x
d
18) / O
a?sin® x + b% cos? x

"

2) /cos(n—|— Dasin" ! xdz,
2 1
" /cos( n+1)x i,

sin &
Ccos 2nx
6) , dz,
sinx

COS T
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cos 336 sin 4x
/ 14) / dx,
sin” x cos" x
sin 5x CcOS DI
/1 1@/_n dz.
cos"x s’ x
IIpuknaau po3B’sa3yBaHHS BIIPaB
1.8, Fo06 LT 2t 1 —¢2 2dt
.8. 3podbumMo 3aMiH —tg—., sinx = cosy = ——. dx = )
b Y &9 14 ¢2’ 14 ¢2’ 1+ t2

Tomi

6 64+ 1= 2dt
/ﬂdm:‘t:tgz’:/ {0 _
5+ 4sinx 2 5—|—1+t2 12

512+ 7 dt 2+ 1
52+ 8t +5 1+t B+2t+1)E+1)
o ocTtaHHBOI'O IHTErpaJa 3aCTOCYEMO METO/, HEBU3HAYEHUX KOeMIIieHTiB:
2+ _ _At+B  Dt+E_
E+8+1)E+1) e2+5%+1 2+1
 At*+ At+ Bt + B+ Dt* + D> + Dt + Et* + 8Et + E
N B +E8+1)(2+1) '

3BiJICH IPUXOIUMO JIO0 CUCTEMHU PIBHSIHD

(

A+ D=0,

B+:iD+E=1,

A+D+3E =0,
B+E=1.
\
1 7 1 :
Posp’siskom cucremn € A = 7 B = R D= T E =0. Toni

2+ 1 t+1 1 [ tdt
2 > dt 2/—i—i—ﬁ——/ =1+ L.
/kﬂ+§r+n@%+n 24+ 8¢+ 1 2) 2+1 177

Buaxomumo Iy, Is :

1 7 4 _ 1 1
[1:2/ it T3 dt:tJrg_Z’:Q/ZZL
(E+5)7+ 5 dt = dz P

1/ zdz +12 dz 11 ( +9>+4 t5Z+C’
= — — =-In(z arctg — =
2) 242 5 ) 2+ 2 1 25 &3 T

25
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1 8 5t + 4
= Zln (t2 + 5t+ 1) +4arctg—jL + (.
1 tdt 1
=—= =——In(t* +1) + C».
2 9 / 21 n(t"+1) + Cy
OcTaTouHO OTPUMAEMO

2+ 1 1, 2?4+ 3t+1
2 5 B 2 dtziln
(2 + S+ 1)(12+ 1)

SpobuBIIM 3BOPOTHY 3aMiHy, MATUMEMO

6 + cosx 1 tg2£—|—§tg§+1
—————dr=-1In
5+ 4sinx

btgs +4
4arcto —>2
4 tg2x—|—1 +aarctg

5t +4
o +4arcth+C.

+C. »
2.19. Bukopucraemo dpopmyny 1+ tg”x =

1 ) 1
. : B 1
cos? x cos® x :
1 tg?
/tg5xdx:/tg3x( 5 —1) dx:/ gzx dx—/tg?’a:dx:
cos® x cos? x
3 1
= [ tg°xd(tgx) — tgx( 5 —1) dr =
cos? x
3 tgla
= [tg’xd(tgzr)— [tgxd(tgx)+ [tgrdr = TR —In|cosz|+C. »

3.5. MaeMmo inTerpaJj BULISILY /sinmxcos"a:dx, Jle m — HemapHe, n — pa-
sin?

I
nionaJibHe. BujiijimBiig sin z, BHeceMO HoOro 1iji 3Hak Jiudepeniiiaiy i 3aMiHUMO

tg?

x BupazoMm 1 — cos?z. Orxke

; sin® x y sin? z d(cos x) / (1 — cos® ) d(cos x)
Veostx Vecostx

3
Vecostx
B orpumanomy inrerpaJi 3pobumo 3aminy cosx = t. Toji

1—¢2
I:‘cosx:t’:—/( )

7 dt:—/(t—i—ti)dt:

[TigcraBuBiim 3amicThb ¢ PYHKIIIO COS T, OTPUMAEMO

I =

+ = \/cos5 +C. »
Jcosx
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4.14. 3BegemMo 10 iHTerpaJa BUTIsILY / R(sin z, cos x) dx, MOHU3UBINHT B ITi]1-
iHTerpaJibHiit PyHKIIT KpaTHiCTh aprymenTa. 1ol

/Sin4x dx:/4sinxcosx(20032x—1) dp —

cos"x cos"x

:_4/(20083x—cosx)d(cosx) _ ‘cosw:t’ :_4/(2t3—t)dt B
cos" x "
Cnts n t_n+4 t2_n
— 8 [+t 44 [ dt =8 +4- + O =
4—n 2—n
8 1 4 1
= : . C.
n—4 t"*4+2—n t”*2+

SpoOUBIIY 3BOPOTHY 3aMiHy { = COS X, OCTATOYHO OTPUMAEMO:

3 1 4 1

n—4 cos"txr 2—n cos" 2z

+C. »

§1.7. InTerpyBaHHs JIEAKUX TPAHCIEHJIEHTHUX (PYHKITIA

Pozriisinemo inTerpyBaHHs BUpa3iB, 10 MICTATh TPAHCIEHJAEHTHI (DYHKIIII.

1. Interpamm Bumy / R(shz,chz)dr 6epyrbes B cKiHUeHHOMY BUJIL 38, JIOTO-

. x
MOIOIO IIJICTAHOBKH ¢ = th 5

MiiicHo,
h— QSh%Ch% _ 2th% _ 2t
2 x 2 x 2 x _42?
ch §—sh 5 1 —th 3 1—1¢
2 2z 2z
Ch$=Ch2§+Sh2§:1+th2§=1+t2
T T T _ 427
1. 1+41t\ 2dt
r = 2artht, da::2(§ln1_t) -
Toni,

20 1+4+¢*\  2dt
/R(th,chx) dx = /R(l T —t2> TP
€ IHTerpaJioM BiJ pallioHaJbHOI (PYHKIII.
3a aHaJori€o 10 IHTerpyBaHHsl TPUTOHOMETPUIHUX (DYHKIIH MOXKHA PO3TJIsi-
HYTH OKPeMi BUTAJIKW, KOJIH iHTerpyBanus supasy R(shx,chz)dz cyrreBo cnpo-

HLYETHCA:
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a) axmo R(—shx,chx) = —R(shz,chz), T0 BUKOpHCTOBYETHCS i ICTAHOBKA
chx =t,

0) sikio R(shz, —chx) = —R(shx,chx), 10 BUKOprucroByerhest nijicraHoBKa
shx =t,

B) sikio R(—shz, —chx) = R(shx,chx), ro BuKOpuCTOBYETHCS 11 JICTAHOBKA
the =t.
2. Inrerpas Bumy / R(e")dx, ne R(e") — pamioHasibha (DyHKIsA, 10 3ade-
XKUTH Bl €*, 6eperbcst B CKIHYEHHOMY BHUJII 3& JIONOMOIOIO 111JICTAHOBKYU t = €.
. : dt . R(t) : : : .
Hiitcao, Toni x = Int, de = = i Tdt — iHTerpaJ BiJ pallioHaJLHOI
yHKIII.
3. larerpanu Bumy / x"e" cosbr dr i / x"e" sinbx dx, n € N, 6epyThes B

CKIHYEHHOMY BHIVISJI 3a JOIIOMOI'OI0 (POPMYJIHM IHTErpyBaHHS YaCTUHAMU 3 Bpa-

XyBaHHAM TOT'O, 11O

/e‘m s b dp — asinbx — bcos bx 1O
a? 4 b?

bsinb b
/e”cosbxdx: SO A a cos xe“‘”—FC’.

0,2 + b2
Hiiicno,
U=2z2", dV = e* sin bx dz,
n_ar _: _ . —
/x e sinbr dr = AU = natde, V — asinbxr — bcos bx goz|
a’ + b?
,asinbr —bcosbxr , na / el az -
_ - bx d
x 21 e 2B T e sInbx dr+
b
—|—a2n+ 72 /x”leax cos bx dx,
U=2x", dV = e™ cosbx dr,
n _axr J— . ==
/a: e’ cosbr dxr = U = nav de, V bsinbx + acosbr .| =
CL2 + b2

_ a:”b sinbr +acosbr nb /x”l .

prRe e —m e sin bx dx—

na

—W/xn_leax COSbilZ'dLU.
a
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i pekypeHTHI (OPMYIH TO3BOJIAIOTH 32 CKIHUYEHHY KIJBbKICTH KPOKiB 3BECTH

BUXIJIHI iHTErpaJii IO BULISILY / e sin bx dx abo / e cos bx dx.

4. Bingowmo, o inrerpasu suny [ P(z)sinbz dx, ne P(x) — MHOrOWIEH N-T0

creriers, 0epyThCsi B CKIHUYEHHOMY BUJII 3a JIONOMOIOIO (POPMYJIU 1HTErpyBaHHs

, e’ sin COS T
yactrunamu. OjiHak, 1poboBi Bupa3u — di, dx,
x" " "

dx, ne n € N, Bxe

He IHTerpyioThcsd B CKIHUEHHOMY BHJII.

3a JIONOMOT0I0 BIITIOBLIHUX PEKYPEHTHUX (DOPMYJT BOHU MOXKYTH Oy TH 3BeJIeH]

JIO TPhOX OCHOBHUX 1HTEI'PaJIiB:

xz — t’
e dt
— dr = |z = Int,| = i lit — igTerpabumii Jorapudm,
dr = %

COS T ) ) .
dxr = cix — iHTerpaJibHUil KOCUHYC,

T

sinx . , .
dxr = six — IHTerpaJbHUil CUHYC.
x

Bmpasu

1. Suaiitu iHTErpasIm:

dx
1 %
) /1+20ha:’
3)

/3Chx+5sh:b+2’

/ 1+chzx p / 1+shzx J
T x,
shx(1 +20h3:) ’ sh x( 1+ch:c)
) [ 5 ) [ G
ch® sh? z Ch4
/ sh 4x / ch 2z d.
h shx + sh2x
/ ch’ / ch3 z
sh? x sh’ x
ch4x ch 3z
—d d
)/thsth i /shx+ch2:c x,
dx dx
13) 5 G
hzx—4sh:cchsc+9(:h T Ch
th*z
15 d
) / ch? z “ / 1— sh4
17) /th5x dx, /cth7:z: dx,



02

n> 2,

dx
19
) / sh” 2’

2. 3HaiiTu iHTerpaJu:

d
5)/ T x:c T 9
l1+ez+e3+es

X
7 ,
)/\/e2w+ew+1
d

9)/\/ex+1f\/1—e$’

3. O0uucuTH 1HTErpaJIn:

1) / arsh — dx,
a

3) /arthzda:,
a

5) /:7[,’a1"shE dz,

a

/a:arthxda:
/—arshxdaz

4. OOYUCIUTH IHTEIPAJIK:
1) /e_f” arcsin e” dx,
3) / VI Td,
5) /69j In(e” + 2) dz,

7) / re sin 3z cos 2 dx,

PO3JIIJI 1. Hesusnauenutd inmezpas

dx
20
) / ch" 2’

n > 2.

2) /(295 +1)e™e” dy
4) /62”3 sin e” dx

6) /I’2€2x sin 3z dz,
8) /x?’ex cos® x du,
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9) / 2e**sin*xcosxdr,  6) / ze*” sin® z cos® x da.

IIpuknaau po3B’sa3yBaHHS BIPaB

1.4. Maewmo inrerpan surssiay R(shx,chz)dr. Toxi Bukopucraemo mijcra-
x
HOBKY t = th — :

5

/ 1+shz t =thg, /
dr = =
shz(1+ chz)

1 + 1— t2 th
2N -
dv = {5 ce(l+e) 1-8
2 1+%_ﬂdt ! (1+2 th 1@ || + 2t ﬂ>+0
pu— —_— p—_ —_ —_ = — n _—— .
At 2 ) \t 2 2
BukoHy04Y1 3BOPOTHIO 3aMiHYy, OTPUMAEMO
1+shx 1 x r th®Z
d :—(lym—’ 2th = — —2
/sh:z:(1+ch:z:) te o\t i

c. »
;)

6;10 —
2.8. Ilposejiemo 3aminy

= t. Ilijgiarerpasbua QyHKIS BU3HAYEHA
e +1
et —1 e’ —1 9

npu = > 0, apid 1 < 1, romy 0 <t < 1. B Takomy BI/IHa,D;Ky P =t°,

t2+1 t*+1 At dt
e’ = . 3Bijicn ¢ =In——, dr =

12 A 12

OT)Ke,

(2 4+ 1)(1 —¢2)

/Fdx_/ (2 + i

1—#):_4/kﬂ+;?;—1):
_%/ﬂ+1 2/ .

1—t
o —2arctgt—lnt+1+0.
r—1
OckiyibKu, t = ¢

, TO
et + 1

/ -1 \/ex+1 ver —1
= —2arctg
e”f—l—l

+C.
e —1++er +1
3.10. 3pobumo 3aminy archx = t. Toxi © = cht, dv = shtdt
Orxe,

arch x tshitdt
—_—adr =
/($2 + 1)3

\/(1+ch2t)3.
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OcranHiil iHTerpaJ 3py4Ho IPOIHTErPyBaTH YacTUHAMHU, MOo3Ha4UuBIIH U = ¢,

av = S g au = ar, aV:/ dicht)
(14 ch?t)? (1 + ch?t)3
IIposiBim 3aMiny cht = z, maemo
dz z = tg Y co(igy
:/—(1+z2)3:d . :/;:/cosydy:
v Z= cos?y cos? y

z

V1422

= siny + C = sin(arctg z) + C' = sin (arcsin ) +C =

oz LO— cht
V122 V1+ Ch2
Tomi
/ tshtdt ~ tcht chtdt tcht d(sht)

/(1+ch2t)3_\/1+0h2t_ \/1—|—ch2t:\/1—i—ch2t_ V2t

tcht
= \/Ci In|sht+ /24 sht| + C.
1+ ch?t

[Torepratounch 10 TMOYATKOBOI 3MiHHOI 1 BpaxoBytoun, 1mo ch(archz) = =z,

sh(archx) = Va2 — 1, marumemo

arch x xarchz
—In|vVa2—-1+vV22+1|+C. »
V( 332 \/1 + a:Q | 1

4.7. B niginrerpasibnomy supasi ve’?

sin 3z cos 2z dx nepeTBopuMo J100yTOK

TPUTOHOMETPUIHUX (PYHKINN B CyMy
1
sin 3x cos 2x = §(sin bz + sinx).
Tomi
3z 1 3z L: 1 3z L3
xe sin 3x cos 2x dx = 3 xe™ sinbx dr + 3 re'sinxdr = 1) + I.

BpaxoBytoun, 1110

inbr —b b
/e“xsinbxda:: @ SO cos xe“x+0

a? + b2

bsin bx + a cos bx
/eax cosbr dr = e + C,
a? + b?
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IpoiHTerpyemMo inTerpanaun I; ta [o 9acTUHAMMU:

U=uz, dV = €3 sin bz dx,
AU = de, V = 3sin5:c:;15cos5xe3x -

1
I, = §/$63x sin bx dx =

1 1
= @x(?) sin 5o — 5 cos 5z )e?” — 68 /(3 sin 52 — 5 cos 5z )e*” dx =

1 3 5
= @x(?) sin 5z — 5 cos 5)e” — @/sin 52 e dr + 68 / cos 5x €3 dr =
1

3 /3sinbxr — 5cosh
:@x(SsiDSx—Bcos5x)e3x—@< o x34 oo x63I>+
5 /5sindx + 3cosdT 4 3 2 )
+68< 34 ‘ )+ 1= \Gg" " 2gg) MOTE
5 15
- (@x — T56> cos b €3 + C.
1 - U=uz, dV = €3 sin z dx,
12:§/$€ sinx dr = AU = dr, V= 3811151]—(308336336 -

10

1 1
= %x(?) sinx — cos r)e’” — 0 /(3 sinz — cos x)e’” dr =

1 3 1
= %m(S sinx — cos x)e’” — 20 sinz ** dx + 20 / cosw e dr =
= —x(3sinz — cosx)e*” — i(Bsinx _ 8T e3x)+
20 20 10
1 /sinx +3cosx 5, (3 1y . 3z
+20< 0 - )+ - (2033 25) e
1 3
— <2—0x — m) cos z e + Cs.
Toui
3 2 3 1
L+ I, = e?“((@x + @> sin bx + (%x — 2—5> sin z—

—(Ex - i) coS bx — (ia: - i) cos:r:) +C. »
68 1156 20 100 '
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InauBigyasbHI 3aBAaHHsS 0 po3maiay 1
1. BHaliTu HeBU3HAYEHI iHTErpaJIn:

e* dx
1) /62:(:_1’ 2)

4) / sin? 2z cos 27 dz, 5)

arcsinx + 1

3) / 5zt dx
ovInz 25+ 2

—— —
j
H[\’)

7)/ dx
z/1+Inz

xdx (Inx +5) cosx dx
1 —_— 11 d 12
0) 1+ 22 ) / x © ) / sin”
tg®xd 1+1
13) /arcli—xe? )/\/smxcosxda: 15)/ + s
z x
arccos r + 3 R . - .
e3mdx earcsina: 4 arctg3 T
19 20 —d 21 —d
)/1+e6w’ )/m i )/ Tra? 0
V1+1 4 — ctgx)? otgx
22)/ﬂdx, 23)/ﬂdl’, 24)/ —_dz,
x sin® x cos? x
25)/ do 26)/2 = q 27)/6“d
) xe xZ, xIr e X,
V1 — x?arcsinx
92 - (arccos x)* Arccos T
28) /(e +1)e” du, 29)/ Nk 30) /,/1_—x2dx.

2. 3HaiiTi HEBU3HAYEHI iHTErPAJIH:
2sin2z dz
2)
sin? r —

. )
sin? x + cos 2z
sin 2x

2.
=
B
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w
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2sin 2x
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8
)
8
+
w
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8
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Z
8
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w
8
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-
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&
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&
w
|
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€T,

S — x S —
1—|—tg:z: 9 +sin’z

20)
dx

sin? z + cos 2z

3dx
N

e

o
—+
o
[\o]
8
=8
=
DO
w
S—
DO
g
S—

e® e’ dr,

[\
ot
SN’

@,
el =

)
o
[\
(@)
N—

3

(SN
N
8
+
o
M
8

8
™
&
8

—— — —
-
=
o
\\\ } \\\
O]
Hl\?
g
S
8
PR
g

X
1 in 2
28)/ﬂdx, 29)

w
8
2
g
8]
=

3. 3uaiiTy HeBU3HAYEHI IHTETIPAJIL:
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=
k=
/ 3x
1 /
)/ ¢T+—\/'
16) /(2x+3)2dx,
19) / i

2)/\/x+2—$\/x—1’

25) wd%

Vi
28) / ¢

x3 +33:—1
a:—|—2

s
ik
J

d
x+1 .

v _ 4
d
er + 2 s

4. 3HaiiTH HEeBU3HAYEH] IHTErPAJIH:

dx
1+sinz’

y [

4) /55“”“rl cos z dz,

7) / cos4dx cos Tz dz,

dx
10
)/62x+e—2$+2’
13)/ x\/ 2/ d,
16) /e3x+242x dl’,
arctgx 1 2 1 2
19)/6 +xn(+x)d%
1+ 22
22) /x\/4+2x2dx,
e—tgx
25 —_—
)/1+COSQQZ
28) / 2sin® x du,

23:—5

2+4
—1
+1
x? —1—591:—1

x4+

arccosxr —x

e x(ex+5

3+ 222 —

x2+1
x—i—l
z+1

e
W |
=
o
A
o
9

57

223+ 52+ 4 +5

dx,

+ 5
dzx, /
\/_ 7
9:6
9

LE,

V1—22

ﬁ

.Z'

LL',

/
5
Sl
[0
[
"
RILG

eS0T gip 90 dx,

et + e’

2z ctg(x? + 1) dz,

)/
) e
|

sin? x COS2

%

cos?  sin 2z dx,

4 - 3:” 3- 4"
dx,

arcsmx _|_1

\/1—x2 “

—+3

" | S
SR
"
0 [T
» [
0 [

4 2
29) / S ”H:dx,

4 + g2

24+ 4

/ 2:1:—1—1 + 51:

x2+10
3:10—1—2

x? +9
x? +2x—1

(3°+27)

27(3 — 3%)?

2x—1
2w+1

v—1)(z++r+1)de

cos 2z dx

sin?z cos? x’

27 . 3% dx,

sin 2z sin 4x dz,

arctg®z + 1
1+ 2?2
tgd

27 _—
) /1+6082x

30) / 92°%V/1 — 29 da.

dx,

/
/
/ sin® z cos 2z dz,
/
/

dx,

5. 3uaiiTu HeBW3HAUEHI iHTerpa/m Bij DYHKITH, M0 MICTITH KBAIPATHUN TPUUIEH:



o8

dx
10)/:62—7564-10’
dx
13)/:102—635—}—10’
dx
16)/2x2+3x—|—2’
dx
19)/:162—637—|—17
dx
22)/8—6:6—1:2’
dx
25)/3x2—7x+1’
dx
28)/2x—x2+3’

11)/ : dx |
¢ +2r+5
dx
14)/w2—x—1’
dx
17)/:62—1—23:—1—17’
dx
20)/w2—4x+37
dx
23)/21’2—41“—1-5’
dx
26)/3x2+2x+10’

dx
29 _
)/31:24-6:6—1-5’

) [
12)

/

/

/—
21)/#1;“3,

/—

/

/
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/ dx
x2 4+ 7x+ 10’
/x2+8:c—|—11

5—12x — 922’
dx

22+ 22 — 10

6. 3uaiiTy HeBU3HAUEHI iHTerpaJn BiJ (pyHKIIIHA, IO MICTITH KBaIPATHUH TPUUICH:

3+x
1 —d
)/x2—7x+6 o
/932+3:1:— “
/3x2 4a:+7

4r — 1
16 — 6x+a:2
r+1

202 —x — 1 dz,

xz,

3r — 2
2 —4x +5
3r+1

2 — 3z + 5
6 —
322 — 7x + 6

20 — 1
28) /4x2 pr

.CL’,

:L‘7

9 [ e
9 [z
/5x2—2x+1
9 [
2 [
% [ 55

r—1

2 -
)/2x2—2x+ldx’

2 — 1
22 —4x+5 4x+5
x—l

/ T+ 14
'CE’
—4x+5

z+8
3)/6 2x—x2dx’
r+1
/1—$—ZL‘2
T+ 2
/590 24+6x+1 ar,
z+1

3+4$+4$2
T+ 4

2—x—x2

r+1 dz,
202 — Tx + 12
2x + 3
dx,

22?2 — 6:E+ 15

2r —
5?2 —

) [
D
1) | 55’1;1 .
0 [
) [ 5o
) [

7x+6
T+ 3

30 —d
)/4x2+4x+3 *

7. 3uaiiTy HeBU3HAUYEHI iHTerpaJiu BiJ (PYyHKIIIH, MO MICTITH KBaIPATHUH TPUUJICH:
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D[ —=—
V17T — 4o — 22
dx
Y [ ,
vVt +2x+ 19
dx
D[ ,
vVaz +8x + 10

10) / dx |
V5 — 122 — 9z2

d
25) / - :
Va2 + 2z +10

28) / dx ’
V20 + 102 — 22

) [
V22 —bx +7
5)/ dx
V15 —x — 22’
8)/ dx
N
1) dx
V2 —8r + 7
14)/ dx |
V10 + 62 — 22
d

) [t
V22 —2x+1
dx

20) [ 2L
) Vb6xr — 72
23) dx |
V=12 + 8z — 2
26) dx |
V32 —Tr +1
d

29) [
V10 — 22 — 22

99

3)/ dx
ico—a
6)/ dx

Va2 +dr + 11
9)/ dx

Va2 =Tz + 10’
12)/ dx

Va2 +2x+5
15)/ dx

V2 + 3z — 222
18)/ dx

V17 — 22 — 22’
21)/L

V8 — 6z — 22’

24)/ dx |
202 — 4z + 5

27)/‘1—%,
20 — a2 + 3

d
30) / ‘ .
V322 +6x+5

8. 3uailiTu HeBW3HAUEHI iHTerpa/m Bij DYHKITH, M0 MICTITH KBAIPATHUN TPUUIEH:

x+7
\/1—33—:1:2

r—3
V12 -3 x—x2

r—1
V2r? -2z +1

T+ 2

Vbhr? 4+ 6x + 1

r+5

V8x?2 +3x +1
x+4

1/ _x_xz
3m—|—4

VA) x—x2

\/3+3x—x2
3r — 2

V2 — 3z — 5952

21;—1—1

v Vi =Tz +8

1)
4)
7)

10)

13)
16)
19)

22)

25)

28)

3IB—|—4
\/x2—|—4:v+

5)/ﬁdx
8) 31‘-1—1
\/6+735—:v2
1) r+1
\/3+4£—4z2
z+1
W ™
3 —6
\/5+4x—:1c2
31:—1
VT 4x+
2r — 3
Va2 —6x + 16
6x — 5
\/1+6x—x2

T+ 3

VAar? + 4z + 3

2)

17)

20)

23)

26)

29)

5 —2x
2 4+ 62 — 11
T +5
V3r?2 +5r—9
dr — 1
V16 — 6x+:1:2
x+1
VT — 4x—a:2
x+1
Vhr? — 2z +1
4r — 3
m
3x+1
1/ _x_|_
2r — 1
\/1—x—2x2
T+ 2
\/3—1—490—41:2
20 — 1

\/5+2$—x2

27)

30)

9. 3ualiTi HeBU3HAYEHI iHTErPAJIM METOJAOM IHTErDYBAHHS YACTHHAMI:



60

2% dz,

1)
4) [ (z—1)coszdz,

7) [ (x + 7)sinbx dz,

——

10) [ (22 — 1) cos 2z da,
13) f(?)x — 2)e”* du,
16) /(:c )37 da,
19) /(x — 1) cos(z — 1) dz,
29) /4x sin 2~ dz,

25) / 25° da,
28) /(2:;52 +1)sin % dz,

2) /a:e’”dx,

5) /(w2 + 1) cos x dz,

8) /:L‘QSiHQJJdl',

11) /xQSin:pdx,

14) /(x2 — 1) cosz dz,

17) /2xsin2xda¢,

20) /(:U2 +2x —1)cosxdx, 21)
23) / (2 — z)e** ! du,

26) /(21: — 5)e* dz,
e
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3) /msin 2z dx,
6) [ (z+5)e"dr,

9) [ (x+ 3)cos2xdz,

——

12) [ (42 4 3)sin 4z dx,
15) [ we** du,
18) [ (x +3)e * du,

8z cos(z — 1) d,

24) [ (z* — 1) cos g dx,

27) [ (z+4)cos(2 — z) dx,

30) [ (z + 5)sin(z + 5) dz.

e

10. 3naiiTy HeBU3HAYEHI iIHTErpAJId METOJOM iHTerpyBaHHS YacTHHAMHU:

1
/ﬂdx

4) /x arctg x dx,

In? o

\/_

10) arc‘\c/g_ \/_ ..

arccos \/_
\/m

(r+3)Inxdr,

/smmln cos ) dz,

:Earctgx
v1+ :zc2 o

:c - 1) In? rdr,

|
28)/ ncos:vd%

cos? x

2) /xarcsinxdm,

5)/
/

logs x

dx,

1—x

dzx,

arccos

x arctg x dx,

/ x + 1) arctg x dz,

17) /ln(tg:c) d.

cos? x

23) /(m —1)In® z du,
26) /1:21n:cda:,

29) / arcsin® z du,

3) / x arccos x d,

6) /xlnmdw,

9) arcsin \/_
vii—=z

%) /\/Elnxdx,

15) /zarcctgxdx,
18) /arcsmxd%
z+1
21) /(:v2 —1)In(z — 1) dz,
24) /m(:c? +1)d
27) /xarctg Ve dz,

-
30)/ ST e
S T

11. 3naiiTy HeBU3HAYEHI iHTErPAJIM METOJIOM iHTEerpyBaHHS YacTHHAMMU:

1) /er cosz dx,

4) / e cos 2 dw,

2) /ezxsin&cdaj,
5) /4msin3xdx,

3) /exsin(xjtl)dx,
6) /4_"” sin 4z dx,
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7)

10)
13)
16)
19)
22)
25)

28)

—

e ¥ cos x du, 8)

—

e “cos(x +1)dz, 9)

e” cos 2x dx,

—

/exsin(Q:U— 1)dz, 11) /cos(lnm) dx, 12) /62:” sin(x — 1) dz,
/6_31 sin z dz, 14) /623” sin(z + 1) dz, 15) /e% sin 3x dz,

/ex sin 7x dx, 17) /sin(lnx) dx, 18) /6290 cos(1l — 2x) du,
/e‘m sin 3z d, 20) /63’” cos 2z dr, 21) /2”5 cosx dw,

/59” sinx dz, 23) /62”3 sin 2z dz, 24) /296 sin(z — 1) dz,
/sin(Sx—i— e*dz, 26) /275 cos 2z dx, 27) /sinxln(cosx) dx,
/e“‘" cos(2z + 1)dx, 29) /355 sin z dz, 30) /cos(21nac) dx.

12. 3uaiiTu HeBU3HAUEHI iHTErpaJik BiJ JpoOOBO-paIlioHAIBHUX (DYHKILIMH:

r—1
1)/(x+1)(x+2)(x2+1) a,
T+ 8
V] i@ s -1 ™

3r +5
2 /:v3 — 922 + 20z dr,

4 _3r+2

11)/ 3x2 —4x —5
T

(r —4) (2?2 + 22 —15)
x* + 152 — 20

13) /133—7:62—1—1013 “
322+ 6z + 2

15)/x3+3x2+2x o

212 —2x — 4
17 d
)/(x—l)(zz—i-x—G) “
322 — 142 + 10
19
)/(1:2—256)(3:—5) o
2 _

21)/ 2x 6x + 10 ..
(x —3)(2? + z — 20)
Ax? + Tz + 2

23)/:133+3x2—|—2x “

2

25)/ 20"+ 8xr + 8 d.

(x —2)(x% 4 8z + 12)

2 =3z +5
27 d
)/(xQ—l—x—G)(:c—l) “

r—1
2) /x3+5x2+6x a,

3 + Az
28 +1
6 d
)/x3—9x “
—8x + 10
8
)/x3—7x2+10x “
42 4+ 2r — 1
10) x* +2x — 10 dr.
(x 4+ 3)(2x? — 3z + 2)
2
- 2
12) T 8x + 25 .,
(x +5) (22 — Tz + 12)

xt +4x + 2
- dx
23+ 322 +2x

2x2 — Tx
dx,
(x —2)(x? — bx)

/
/
/
I
18) / (ii%ifi f) a2,
/
/
/
/
/

2 — 4z + 10
X
3 — 722 4+ 100
522 + 8z + 2
343224+ 22

22 —6x—1

dx,

(2 4+ 2 —20)(z — 3)

3x2 -7

dx,

(x —2)(2? + 22 — 3)
2+t —8

€T,

8

dx,

61
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22% + 4o — 16 1522 — 4z — 81
2 d d
9)/(m—|—2)(x2+4m—12) o 30)/(x—3)($+4)(x—1) v

13. SuaiiTy HeBu3HAYEH] IHTErPAIN Bi APOOOBO-pANiOHATBHUX (DYHKITI:

1 2 1 2
1) / g %) / A dr, 3) / THT
(x —1)2 (x —1)2(x+1) x3x—1)
5+ 1 w34+ 7
dr, 5) [ —— L 4
e e Ll e T ) e
20+ —2 —92% + 13z — 6 :c—l—l
7 —d 8 d d
)/ ! )/(x—1)2(x—2) © /(1:—2 r—1)2 "
14x +16 322 + 2+ 8 T +38
1) [T,
z(z+2)? x(z + 2)? z(x —1)?
Tx +7x—1 4a? —x — 2 dx +4
dr, 14) [ T2, 15 [ 2R g
/x—l )2(x —2) v )/ g3 0 5)/x2(1:+1) v
52% + 6 + 9 2 —z+ 14 —22% — 3z +4
1 d 1 d 1 d
6)/<x—3)2<x+1> o [ gt ey @
622 + 4z + 1 2431+ 1 ?+x—1
19 —d 20 —d 21 —d
)/ 22(z + 1) Z, )/ 2(z+1)2 T, )/ 3 — 12 Z,
22—z +2 22% + 10z + 8 —1822 + 262 — 12
22 —d 23 —d 24
)/:z:2(:c+4) . )/ z(x + 2)? “ )/ (x —1)%(z—2) a:,
22% — 62 + 5 322+ —8 2% + 22 + 2
25 d 26 —_— 27 —d
)/(x—1)2(x—2) . )/ ww+22 )/ 2@+1)
202 + 1 +5 3z2 4+ 13z + 11 >+ —2
2 —d 2 ——F dx.
S il § e e LUl

14. 3uaiiTy HeBu3HAYEH] IHTErPAIN Bil APOOOBO-pAiOHAIBHUX (DyHKITI{:

41 -1 r—1
1 d 2 d 3 d
)/x3+4x © )/x3+1 “ )/x3+4x ©
22 +4x 45 xr—3
dzx, d d
/ z—1)(z2+9) )/:UZ(xQ—l—ZL) © / x —2)( :U3+43:) .
/x—|—8 8)/ 222 + 62+ 9 p /I —2r—5
T
x3 + 4w (x —1)(22 + 62+ 10) x3 —|— 4a? + bz
1 2 _2r—1
/m +x+ 11)/ T T 6 dz. /
22+ 1) (x —1)(x% + 62 + 10) 341’
/2$ +3$—1—8 14)/ dx /4:E + 102 + 10
x
x3+4x ’ 3+’ (2 +4x+5)
222 + 22 4 2
17 d
/ x+1 az2+4) )/x3—|—x2~|—x+1 o /353—1—233 o
2?2 +2x—4 3r° + 2+ 9 x? —
x, 20) , dx,
495—1—1'3 (x+1)(x2+9) xx2+4:c—i—5)
S5a% 4 14x — 2 T
de, 23 d
/ r—2)( x2—|—3) )/(a:—l)(x2+6x+10) v / x?’
322+ 22+ 1 —18 S_x—4
d 26
/ RIS R Bk )/x3+9x ’ / B+ dr 0



Indusidyasvni 3asdanmsa do posdiay I

x?—5
3 + 422 + b

Zz,

28) /

29) /

222 +5x +5
3 + 422 + b

z,

63

—T2*+5
x
3 — 22+ 5 —5

30) /

15. 3uaiiTu HeBU3HAUEH] iHTErpaJin Bif ippamioHa bHUX (DYHKILi:

T+ 1

y [ 2)/ﬁ+1dm,

0 [ et 5)/%61‘“’

W E e LY e i

10) /$+(\/:\J/rg)fdx, 11)/1;;3/_@@;,
E
16)/\3/_—d513 17) %,

o [rgt 0w
22) /x(\s/_;—%d:p, 23) /ﬁ 2,
25) % 26) %

) | fliC) ) [

16. 3naiiTu HeBU3HAYEHI iHTErPaJIM Bif ippalioHaIbHuX OYHKILII:

1—=x
1 3
>/~/1+xd$’
d

T
4 : :
)/\/1+a:+2€/1+x
1 1+2x
7 ’ d
)/(1—1-)2\/1—3; “
z+1
10 — dx,
) vazr +1
vVe+1l+1
13) dx,
vVe+1-—1
r+2 [x+2
16 d
) xr—2\ x—2 o

\/:v—|—1—2
L+ o +1

z dx
V+1+3Jz+1

g [

w;m
V2r+1+1

xdx

Vi+2+ Ve +2
dz

/\/1—:(:—\/1—9;’

) [
/ 3— 433

23) /

%) /

11)

9—5$ s

dx
2+2)V1+a

_rt3 dr.

x2\/2x + 3

\3/5
3)/mdx,
6 [ 2V
Vo2
3\/w
9)/2\/‘—\/_
12)/%@:,
B [
Iz
9 [
VTV
| -
o [
27) x\:—_Z ’
T
“”/mdx
r—2+1
3)/17—2— x—2dx7

V2 =7
15)/\/x—1+\/x+1dx7
Vr—1—+Vz+1
1 3

o [ e
21)/l AL
zVao+1
z+1+4+2
24 dr,
)/(.754—1)2—\/—3:—!—1 !
1 r+1
2 3
7)/(1:—1)3 1%
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29)/( Vr+3-1

dx
28)/\3/(:5—2)2(:(;—1)4’ z+3)(1+ vz +3) /\/x—l— 2(z —2)4

17. 3naiiTy HeBU3HAYEHI iHTErpand Bij ippalioHaabHUX (PYHKITIM:

e [ [

o [T, o [V, i,

/S/T dx, 8)/—" <1t\/_) dx, /\3/r dx,

o [ [, o[z
13)/_de, o [T,y (ST,

x2Yx 2 V/x

)/—M\/\;_Pd:c, 17) /—Mda: / V<1;:/[> da,

51 e AT
) [V T o /m i oy [V,

o [ [ [

18. 3HaiiTy HeBU3HAUEHI IHTErPAIN BijJ TPUTOHOMETPUUHHUX (DYHKITIiL:
/2cosxja;1nx+5 2)/24?%’ 3)/%’
/2—smaz+3cos.1: 5)/sin1:~|—ciisx+3’ 6) 3008x+défsinx+5’
/5—|—4smx 8)/8—4sin(ix+7cosx’ /ZSmx—cosx

5 — 3(:03:1: 3+5smx—i—3cosx

sin x dx

3cosx—|—2 sin® z + cos3 2’ —2smx+cosx

0 [ = / 2
9 [ s / Ik
9 [ W e
9 [aven O e 0 e
2 [ 55 / [ 55w

smx + cosx’

2+ sinz’
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1+t 1 1+ ct
25)/ 8T 26)/ﬂdx, 27)/de,

1—tgx 1+ cosx 1 —ctgx

sinx + cosx dx dx
28 —d 29 30 .
)/ T+cosz 0 )/cosx—l—Zsinx+3’ )/QSinx—cosx—|—5

19. 3naiiTu HeBU3HAYEHI iHTEIPAJIH BiJ TPUTOHOMETPUIHUX (DYHKITIM:

1) / co_sxdx 2) / sinacd;c 3) / dx
sin x 9+cos sin® z cos
cos T dx cos® z dx sinx dx
/ 1 + sin z)? / sinz /Q—COS[E—COSQZL’
sinx dx cos” x
/smyccos2 /5+cosx /smx
COS T sinx dx
/7—|—smx /sm rcosT’ /COSQ:L’—GCOS:)S—i—E)
cos T dx cos T dx sinx dx
/sm 2y —6sinz +5’ /( 1 +sinz)? / 1 —cosz)?
sinz dx cos T dx
/4+COS2 /1—|—smx /sm 2rcos?x
sin x dx sinx dx
/COSQ$—QCOSI‘+5 /smxcosx /l—l—cosx
/ / cos T dx /cos x — cos® xd
cos xsin® x’ sin? x—231nx+5 sin? z + sin* “
/ cosx dr / 27) / cosx dr
1 +sin®a’ sin®x cosx’ (1 —sinz)?’
sinx dx sin?
)/cos3xsmx 29)/(1—1—00895)2’ 30) /cos?’wdx'

20. 3HaiiTn HeBU3HAUEH] IHTErpaJju BiJ] TPUTOHOMETPUIHUX (DYHKITI{T:

/ 2)/ dx
1—|—Sm x’ 1+tgx’

— 7sm 3:

/ 1+ 4COS2
dx

5 ;
)/sm 2r+3cos?2x—5 / —5sm x—|—30082

dx
7) 5
5sin?x — 3cos?x + 4’

dz
9) [ — _
4sin“x — Tcos?zx coszxsin’®z’
d
W [ / d |
14+ cos?x sin x+381nzccos.fc—0052x
dx
13) - ,
cos?x + 5sinx cos 3SIHZECOS[E—2COSQI
d
By S s
cos?x — 3sinx cosx sin? x—i—tg z’

65
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4 sin? :v — cos2 x’ sinx + cosx

sin? z dx

sin? z + 8sinx cosx + 12 cos? x’

sinx — cos T
x?

3—1—48111 x’
2sinx + 3cosx

sinx + cosx
dx

dx,

0 [ 9 [ rem
o 0 [ St
/38111 *a 4 5eosta /Slna(jo—siosx v
W [ e " [ 5
9 [ 5 0 [ e
" [ M [ 5

sin xcosx—90053x sin® x + 2cos xsinx + cos?z’
sinx 4+ 2cosx
29) —3 30) | ——du.
sin z cos sinz — cos x
21. 3naliT HEBU3HAYEH] IHTErPAJIH Bl TPUTOHOMETPUIHUX (DYHKIIIf:

3

1) cos’ x sin® x / Vsin ;1:
v/sin :)3 cosT cos3 T

5
4) /C?S :de, /COS rsin’ xdr, 6) /COS rsin® r dz,

S xr

/Sln2xcos4xdx, cos* z dx, 9) /singxcos4:cdx,
10) /tggxdx, /tg7xdx 12) /ctg3 2x dz,
sin x sin® x
13 in®zd 15 d
)/sm T /0052 )/\/cosx o
16) /sm4xcos2xdx, /COS T d 18) /Cthxdx,
sin 93
cos®
sin? z dz, 21 sin? z cos® z dz,
o | o [t
/ smga: dz, /COS 2z dx, 24) /Sin7 2z dx,
coS
/ 3 sm7x /cos g 27) /th 32 dr,
cos sin® x
.2
/ sin’ Id:v, 29) /ctg4xdx, 30) / 31n4x dx.
cos T cost

22. 3HaiiTy HeBU3HAYEH] IHTErPAIN BiJl TPUTOHOMETPUIHUX (PYHKIIIi:

1) /Sin2xcos7xd:c, 2) /sin2xsin2xd:€, 3) /smgcosgd:v

4) / sin? 2z cos® 4z dx, cos bx cos 8x dx, sin 2x cos 6z dz,

" 0
7) / sin 3x sin 6z dzx, 8) / sin 2z sin bz dz, / sin 3x cos bz dz,

10) /sin%sin%dm, /Sln (2z + 3) cos(3x + 2) dz, 12) /sin3a:sinxdx,
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13)
16)
19)
22)
25)

28)

— S~

cos z cos® 2x dz,
cos x cos 2x cos 3x dx,
sin z sin 2z sin 3z dx,

smxsm§sm—daj,

3

x x
COS X COS 5 cos — dx,

4

sin? 3z cos x dx,

14) [ sin(2x — 1) cos*(3z + 2) dz,

17) [ sin?(x + 1) cos(2z — 1) du,
20) [ sin(3z — 2)sin(3x + 2) dz,
23) [ cos(bz — 1) cos(6x + 2) dx,
26) [ cos(2z + 3) cos(2x — 3) dz,

29) [ sin®4x cos® z dx,

—
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. T . 2x
sin — sin — dx,
3 3

15)
18) [ sinzcos®xdz,
21) [ sin10zsin 15z dx,
24) [ sin2zsin 3z cos4x dx,

27)

sin x cos 2x cos x dz,

30) [ cosdaxsin® 2z dz.

—



PO3/11JI II. Busnagenmnii iHTerpaJ

§2.1. IlousarTa BusHa4deHoro iHrerpaJa. Popmyna Herorona-JleitbHia

Hexait f(x) Busnauena na Bijpisky [a;b]. Po3i6’emo ueit Biipizok joBlibHUM
YUHOM Ha JaCTUHH TOYKAMHI T;, 4 = 0,1, IPHUOMY a = T < T3 < ... < T; <
Tiv1 < ... < Iy = b. HaI/UI6iJIley 3 pi3HI/ILLb Al‘z = Tij+1 — T4, 1 = 0,n—1,
Oy/IeMO TIO3HAYATH depe3 .

B koxkHOMY 3 9aCTUHHUX BIPI3KIB [X;; ;41| JOBLIBHO Bi3bMEMO TOUKY & = &,
n—1

x; <& < w1, 1 =0,n— 1, 1ckiauemo cymy o = g f(&)Ax;. Ckinuenna rpa-
i=0 .
auig [ cymu o npu A — 0 Ha3UBAETLCSA BU3HAMEHUM THME2PANOM HYHKYLE

f(x) na npomiscry 6id a do b i no3HaIAETHCSA

Y Bumnajky icHyBaHHS Takol rpanuti GyHKiis f(2) HABUBAETHCS THME2POBHOIO
Ha BiApI3KY [a; b].

Hagejiene o3navuents nHajiexxurb PiMaHy 1 JJocuTh 4acTo TaKuii iHTErpaJl Ha3u-
Ba€TbCsl tHMeepasom Pimana, a cymy o Ha3uBaloTh PiMaHOB8010 CYMOI0 adO
1HIME2PanbHOI0 CYMOI0.

[Toznaummo uepes m; Ta M, BIAMOBIAHO TOUHY HUXKHIO 1 TOUYHY BEPXHIO MEXKY

sHadeHb byHKIil f() B i-oMmy BIIPIZKY [ x;11] 1 cKIageMo BIANOBIIHI cyMu
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n—1 n—1
s = Zmlei, S = Z M;Ax;
i=0 i=0

i cymn Ha3UBAIOTHCS BIIIOBITHO HUMNCHBOI T 8EPTHBLOIO cymamu Japby.

st inTerpaJbHOl CYMU 0 BHUKOHYETbCs HepiBHICTL s < 0 < 5. OTxke, npu
dikcoBanomy po3ouTTi cymu s, S OyAyTh CTAJIUMU, TOMl STK CyMa 0 3MIHIOETHCS
B cuJly JioBlabHOCTI Bubopy Touku &, ¢ = 0,n — 1.

Cymu [Japby mMaloTh HACTYIIHI BJACTUBOCTI:

1) SIKIO J10 TOYOK MOJLY JOJaTH HOBI TOYKHM, TO HUXKHst cyma lapby Bij
IIOTO MOXKE TLJILKH 3POCTH, a BepxHs cyMa J[apOy Moxke TiTbKKW 3MEHITHTHUCH,

2) KoxkHa HIDKHsA cyma [lapOy e mepeswuiiye KoxKHOI BepxHbol cymu Jlap0y,
HaBITH JIJIsl BUIIAJIKY 1HIIIONO PO3OUTTS.

Muoxuna {s} mmkuix cym apby obmexkena 3Bepxy, HAPUKIIAJ OY/b-sIKOIO
BepxHBOI cymoro dapby S. B mpoMy BUmaKy Iisi MHOXKWHA, Ma€ TOTHY BEPXHIO
mexy [, =sup{s} i [, <S.

Ockinbku Muoxkuna {S} Bepxuix cym [lapOy oOMexkena 3HuU3y duciaom I,
TO BOHA Mae TOuHy HWxkHIO Mexy [* = inf{S}, orxe, I, < I*. B pesyubrari
OTPUMAEMO HEPIBHICTD

s< I, <I"<S

JJIst OyJIb-sIKUX HYDKHIX Ta BepxHiX cyM lapOy.

Yucna I, Ta [* Ha3UBAIOTHCS BIJIIIOBIIIHO HUMNCHIM T BEPIHIM THME2PAAOM
Zlapby.

Kpumepii inmeeposnocmi ¢pynruii f(x) Ha eidpisxy [a;b]. s Toro,
o6 BuzHaveHa i obMmexkena Ha BijpisKy [a;b] dyukuis f(z) Oysia iHTerpoBHO0O

Ha IIbOMY BIJIPi3KY, HEOOXIJIHO 1 JIOCTAaTHBLO, 11100 BUKOHYBaJACh PIBHICTH

}\ILI(I)(S —s)=0.

CdopmysiboBannii Kpurepiit gae 3MOry BUILIATH KJIACH IHTETPOBHUX (DYHKIIIA.
1. dxmo dyukuis f(z) € HemepepBHOW0 Ha BiIpi3Ky [a;b], To BoHa € iHTe-

I'POBHOIO Ha, ITbOMY BIJIPI3KY.
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2. dxmo obmexkena dbynkmia f(zr) Ha Bipisky [a;b] mae muime ckindeHny
KLJIbKICTh TOYOK PO3PHUBY, TO BOHA € IHTEIPOBHOIO Ha 1IbOMY BIJIPI3KY.

3. Monoronna oomexena dyukiist f(x) Ha Biupisky [a;b] € iHTerpoBHOIO Ha
IIbOMY BIJIPI3KY.

Dopmyaa Hwvromona-Jletioniva. Axio dynkuis f(r) Busnadena i Here-

pepBHa Ha Bipi3ky [a;b] 1 F(x) — 1T mepsicua, rooro F'(x) = f(x), To

/f(x) dr = F(z)| = Flb) - Fla).

s dpopmysia € 0OCHOBHOIO (POPMYJIOIO IHTEIPAJILHOIO YUCICHHSI.
Bopasnu

1. Buajitn HmkHO 1 Bepxuio cymu lapby st dyukmil f(x) Ha Bigpisky [a;b],
MOJILJTUBIITY OCTAHHIM Ha 1 PIBHUX YaCTUH, SKIIO:

1) f(x) =2 =322+ 30+2, a= -2, b=2, n=4,

2) f(x)=2*+2+1,a=0, b=1, n=6,
r 2
3 =—+4+—a=1,0=6,n=5
)f(x) 8—;x7a Y 7n Y
4 =Y a=—4,b=0n=4
)f(x) x12+47a 7b O7n Y
5) f(x): 1+x7a:_27 b=0, n=4,
—
1 1
6)f(:v):\a:2+x—2|—ln—,a:§,b:2,n:3,
T
) fle)=2-27 —9.22 4 12.2° q=—1, b=1, n=4,
8) f(x) =321 q=—-2 b=0, n=2,
9) f(z) =zzxlnz—xIn2, a=1 b=4, n=3

1 1
10) f(x):gxlnx—gasln& a=1 b=3, n=4.

3

2. BuaiiTu i IHTerpasIbHi CyMu [t byl f(z) = z° na Bigpisky [1; 3], aximo:

ri=14+— 1=0,1,...,n, & =x,_1, 1 = 1,n,
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5) 1= (V3), i=01,...,n, &=ua;, i=1n,
6) z; = (V3), i=0,1,...,n, & =+/T1 -2, i=1,n.

3. O6uncanTy BU3HAYEH] IHTErPaJIN, PO3IVISAAIYUN X K TPAHUIN 1HTErpaJib-

HUX CyM:

4. 3a 0MOMOTOI0 BU3HAYEHOIO 1HTErpaJly 3HANTH IPAHWI HACTYITHUX CYM:

1) 1 (1+2+ +n_1)
1m —_—
n—oo \ 2 n2 ’

, 1 1 1
2) hm< + + ...+ )7
n—soo\n+1 n+2 n-—+n
3) Tim (st s et )
e \n2 L 12 T2z T T 2)
1/ 0 07 .21 . (n—1Dm
4) lim —(Sm—+sm—+...+sm—),
n—o0 1 n n n
17 4 9p P
5) lim + + —i—n
n—oo
hm— \/1+ —I—\/ \/
n—)OOn
7) hm( >’
n—00 \/4n2—12 V4n? —22 \/ n —n2

| | | |
) im (st (zn)2>'

5. Yu moxHa 3acrocyBatu dhopmyny Heiorona-JleiiOnina g0 odOuucaeHus iH-

TerpaJin:
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sin x dzx,

“1
2
7)/dx 8) i(arct l) dx
\3/57 daj gx Y
2 “1
1007 b

d
9) /\/1—cos2xda:, 10)/ ( - 0<b—a<~—.
COS
0

x —a)cos(x —b)’ 2

6. O6unciuTy inTerpau 3a gpopmysaoo Heorona-Jleitbnina:

V5 + dx — 22’

\/g
3
3) /—, 4) [ cos® x sin 2z du,
V1 — 22
21
x2dx dx
5) - 6) _
/ 1+ zvV1—In"z
P
/ edx dx
1

3 3
xdr
9 , 10 cosx — cos’ x dx.
)/\/:1:+1+\/5:U+1 )/\/
0 —3

7. Posp’sizatu piBHSHHS a00 HEPIBHICTH:

x T

2
1
1) 355_105532—9”3:—5/\1—:5\(1% 2) /costht—/sithdt+1:0,
0 0 0
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[ de 4/ Tintd
3) 1 3245 4) gl — (/ t) ,
) logy (e ~305) = [ e a2 ([HE)]
. 1 2
Ud T
5 y ofeu 61 2</ dt
= zlim _
14 — x| t—0 t T+ 2 (t —2)
3
2 %
2 +r+3 . ! 4 CoS ¥
7) m < (/Sln?).ﬁl}'dx)x, 8) 10g§3§'+310g33§' < —g/singxdl',
4 5
f 2. 37 5%
9) sinx + cos 2z > /sinQazdx, 10) — > - :
0 [ cos? zsin 2z dx [av1—a?de
0 0

IIpuknaau po3B’sa3yBaHHS BIIPaB

1.9. Ockinbku n = 3, TO HaMOLIbIIe 1 HafiMeHIe 3HaYeHHsT PYHKINT IIIyKAEMO

Ha KOKHOMY 3 Biipiskis [1;2], [2;3], [3;4].

1
Crouarky 3Haiigemo noxigny ¢yukiii f(z) = 57 Inz — 2In2. Maemo

1
f(x) = lnx+§—ln2—ln@

4

[TpupiBHsiBIM 1T 710 HYyJIs, OJIEPKYEMO, 1110 T = — € CTaIIOHAPHOIO TOYKOIO.

4 4
Ha mpomixkky [1; —} dbyukiis f(x) cnajgae, a Ha {—;4} — 3POCTAE.
e e

Hns Bigpiska [1;2] obumcmioemo 3uadenns Gyukiil f(x) y Tppox ToUKax

371:1, 9 = —, 373:21
€

f(l) = —IHQ,
4 2 4 4 2 2
f (—) =—-Iln-—-ln2=- (21n2— 1) ——1112— —
e e e e e’
f(2)=In2—-2In2=—1In2,
2
Tomi M7 = —1In2, my = —— — Haliblabie 1 HaliMeHIe 3HaYeHHs (DYHKIIT
e

f(x) na [1;2].
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st Bimpiskis [2; 3] Ta [3;4], ne dbyHKIIA 3pocTaioya, MyKaeMo i1 3HAYEHHS

Ha KIHISIX:
f(2)=In2—-2In2=—1n2,
3 3
/3) = 23 3m2—3m Y3,
2 2
f(4)=2In4—-4In2=0.
Tom My = 31n BR me = —In2 — HaiiblIbIIe 1 HaliMeHIIle 3HaYeHHS (PYH-
kil f(x) ma [2;3], M3 =0, mg = 3ln7 — HajiblbIne 1 HajiMeHIe 3HauYeHHs

byukuil f(z) na [3;4].

BnaitneMo HIXKHIO 1 Bepxmio cymu Jlapby, BpaxoByioun, mo Ax; = 1, = 1, 3.

Tomi
2
S—ZmZAZEZ— ———1n2+31n\/7§: —E—ln2+;ln3—31n2:
2 v/
= ——+§1n3 In16 = —2#—ln—27
e 2 e 16

3
2
S:ZMZ-A% = —21n2+31n\é§ =In g

1y, m . 27 . (n—1)7
4.4. 3BejeMo BHUpa3 —(sm— + sin— + ... + sin —) JIO BULJISIJTY
n n n n

THTEerPaJIbHOI CyMU

1 2 —1 — 1
—(sinz+sin—ﬂ+...+sinu> :Zsinﬂ-—.
n n n n — n n
. 1 (A
Moxua B3t f(x) = sinmzx, [a;b] = [0;1], Az, = —, & =—, i1 =0,n— 1.
n n
Axmo n — oo, To Az; — 0.
Orxe,
1 2
lim—(sinz+sin—ﬁ+...+sin( )—hm Zsm— —
n—oo M mn mn n—oo

1
) cosrx |} 2
= [ sintzdr = — ’:—. >
T lo
0
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6.10. [liginrerpambna dbyukmisa f(r) = v/cosz — cos’ T € HemepepBHOIO Ha

T

5; 5} , ToMy 3acrocyBants gpopmyan Heiorona-Jleitbuina st 11b01ro
iHTerpaJjga € MOXKJIUBUM. To;1i

BLIPI3KY [ —

3

s s s
2 2

/\/cosa:—cos?’:r:da::/\/cosx(l—cos2x)dx: Vcos x| sin x| dr =

NI
NI
NE

0 3 0
:—/\/cosxsinxda:Jr/\/cosxsinxd:c:/\/cosxd(cosx)—
0 _

NI
B

s
2

2 COS x+\/COS T
3

_2+2_4 .
3 3 3 3

z 0
2 v
—/\/cosxd(cosa:) i i
0

0

SIE]

7.8. CrouaTky 3HaiijeMo IHTerpaJi, sSKUil 3HaXOJIUThCs B IIPaBiil YacTUHI He-

PIBHOCTI:
; %d' 1 |2 1 3
COS X sinx 2
/.3 dw:/¥:_.—2 =—=+2=_.
sin® x sin® x 2sin” x x 2 2

ol
ol

Toai orpumaemo JyiorapuMidHy HEPIBHICTD
logs = + 3logg < —2.

Beenemo saminy logs = t. Kpagparuuna mepismicts 2 + 3t + 2 < 0 mae

1 1
po3B’sizok t € (—2;—1). Orpumaemo —2 < logsz < —1 abo = < x < 3

. . ) 11
OmrKe, pO3B’sI3KOM HEPIBHOCTI € IIPOMIXKOK (—' —), >

9’3
§ 2.2. BaacTuBocTi Bu3HadeHOro inrerpaJia. Teopemu 1mpo cepejHe

HagejieMo psiji BJlaCTUBOCTEH BU3HAYEHOT'O IHTEI'PaJia, siKi BUKOPUCTOBYIOThCs

JUUISI OOYUKCIICHD.

1. dxmo f(x) inrerposua Ha BijpisKy [b; a], To BoHa iHTerpoBHa 1 Ha BIJIPI3KY

[a; b], mpuaomy
b

/ﬂ@miﬂ@@.

a
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2. dkmo f(x) inrerpoBra B HAMOLIBITOMY 3 TPOMIKKIB [a; ], [a;c] 1 [¢;b], TO

BOH& € IHTEIPOBHOIO 1 B JIBOX 1HIINX IIPOMIXKKaX, IIPUIOMY Ma€ Miciie popMyJia

jf(x)dxjf(w)d$+/bf($)dx,

sike O He OyJ10 B3aeMHE PO3MIIIEHHST TOYOK a, b 1 c.
3. dxmo f(z) imrerposna ma [a;b], To1 kf(x), ne k = const, € iHTerpoBHOIO

Ha IIbOMY BIJIPI3KY, IPUUIOMY

/bkf(x) dz = k;/bf(x) dz.

4. dxmo f(x) i g(x) imrerposni Ha [a;b] dyukmil, To i f(x) + g(x) Takox e
IHTErpoBHOIO Ha [a; b], npuuomy
b b b
Jtr@ £ gy ds= [ fa)dnz [ oo d.
5. dxmo f(x) imrerpoua wa [a;b] i f(z) = 0 aug Beix z € [a;b], o
b

/ F@)da >0,

a

6. Adxmo Gyukuii f(z) i g(x) e inrerposuumu na [a;b] 1 f(z) < g(x) aus

/bf(x) dx < /bg(fﬂ) da.

7. dxmo byukuig f(x) inTerpoBua Ha BiIpisKy |a; b], To | f(z)| € inTerpoBHOO

BCiX « € [a;b], TO

Ha [LOMY BIJIPI3KY, TPUIOMY

| / fla)de| < / 7 (@) d.

8. dkuo dbyukuis f(z) € inrerposroto Ha [a;b] 1 s Beix © € [a; b] BUKOHY-

eTbed HepiBicTs M < f(2) < M, T0

m(b— a) </f(x)dx<M(b—a).
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9. Teopema npo cepedrne 3nauenns. Hexaii f(x) imrerposna wa |a;b] i
BUKOHY€eThCs HepiBHicTs M < f(2) < M mia Beix x € [a; b]. Toni

b

/f@ﬂx=Mb—@,

a
ne p € [m; M.
3okpema, skio Gyukiis f(x) € HemepepBHOW Ha BiApisKy |[a;b], To icHye

c € [a;b] rake, 110
b

/fuwx=ﬂ@w—@.

a

b

1
Yucso f(c) = f(x)dxr nasuBaeTbcsi cepedHim 3HAYEHHAM GYHKULE
b
—a

f(x) na Bigpisky [a;bc]L.
10. Y3sazaavrena meopema npo cepedrne 3naverns. Hexaii:
1) dyskunii f(x) i g(x) € inrerpoBauME Ha BiIpisKy [a; b,
2) st BCixX @ € [a;b] BuKonyerbes HepiHicTh M < f(2) < M,
3) dbynkmia g(x) ma BeboMmy BiIpi3Ky [a;b] me mimse 3nak, TobTo g(x) = 0

abo g(x) < 0. Tonui
b

/bf(iv) +g(x) do = u/g(x) dz,

a
ae p € [m; M.
Bokpema, skio f(z) e HemepepBHOW Ha [a;b], To octanHs dbopMmysna MoxKe

OyTHu nepenucana y BULJIsiI

f(@) - g(z)dr = f(c) | g(x) dz,
/ /

ne ¢ € |a; b].
11. /Ipyea meopema npo cepedne. Hexaii:

1) dyukuii f(x) ta g(x) € inrerpoBHUME Ha BiIPi3Ky [a;b),
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2) dynkiiga f(x) e monotonHow Ha BiApi3Ky[a;b]. Tomi icaye Touka & € [a; 0]
TaKa, 1o

£ b

/bf(ﬂf)-g(fv)dfv=f(a+0)/ (z)dz + f(b—0 /9

a 3
Bokpema, skio f(x) € MOHOTOHHO ClLIaIHOKO 1 HeBiJI'€MHOIO Ha BiApI3Ky [a; b,

TO
b £

[ @) gta)de = f(a+0) [ gt s

a a

a sikio pyHKis f () € MOHOTOHHO 3POCTAIOUOIO 1 HEBII'EMHO0 Ha BLIPI3KY [a; b],

TO
b

/bf(iﬁ) cg(x)dx = f(b—())/g(x) dz.

§
JIB1 ocTanHi HOPMYIN HA3UBAIOTHCA BIJIIOBIIHO nepuwoto © dpyzo01o opmy-

aamu Bore.

12. Hepisnicmos Kowi-Bynakxoscvkoeo. dxuio dyukuii f(x) ra g(x) €
IHTEerpOBHUMY Ha BiPI3KY [a; b], To dynknia f(x)-g(x) € iHTerpoBHOIO Ha MHOMY
BIJIPI3KY, IPUIOMY BUKOHYETHCS HEPIBHICTH

b b

([t /f )da /gQ(x) dr.

a

Bopasu

1. IlepekonaTuch, 1Mo KOXKHUI 13 3aJJaHUX IHTErpaJiB JOPIBHIOE HYJIIO:

0,5

3
1—
1)/x\/9—x2dx, /ln ~d
Oa

5

10 2
2
3) /arcsin1 ° dx, /\x—1\+\x+1\—2\x\)

+ z2

—10
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1
5) /(2 arcsin x — arccos(1 — 2x?)) dw,
0
2
1
6) / (0084:16 — —cosdx — = cos2x — —> dz,
8 2 8
0
1
7) /(2 arccos x — arccos(2z% — 1)) da,
O‘IT
[ 1 1 3
8) / (sin4:c — gcos4x — §C082£U — §) dx,
0
10 1
1
9) / lg(x +V1+2%)d / — arccos T — arccos —|2_ ;c> dx.
~10 0
2. [lepekoHaTuch, 1Mo KOXKHUH i3 3aJaHUX IHTErpaJiiB OLIbIINA Bl HYJIs:
2 3
4—2 2
1) / ° dx, 2) / il dx,
1+ 3z B4+ r+1
~0,25 -5
2 15
2
3)/<‘$+1 —S)daz, 4) (W +3—vVo —1—+2x —1)dx
:C J—
1 1
0 T
5) /(10g}(2‘7”+2 —4%) 4+ 2) dx, 6) /(sinx — cos ) dx,
3
-1 z
1 2
1
7) /(arcsina: + arccos ) dz, 8) / (arctg x + arcctg —) dz,
x
-1 1
i %
o 2x
9) /(arcsm(sm r)—x+4n+1)dz, 10) /(2 arctg x —arctg T +1> dx.
-
s _1

3. Ilepekonarucn, 1110 KOXKHUI 13 3a/jaHUX IHTEIPaJiB MEHIIUH Bijl HyJis:
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E
/(arcsin(sin x) — x)dz,
T
2

1
/ ( arccos
1
V3

4. BusHauuTu 3HaK KOXKHOI'O 3 1HTErpaJin

x4+ V1 — a2
V2

— arccos y::) dx,

)
3

1)

rsinxdr,

2

3) | x*Inzxdz,

5) [ (log3 x + 4logs x + 3) da,

—— T — O —

I
—

7 | (VAz £ 543z + 12 — 4) da,

N

2
<% + In cos x) dx,

\w\z\ O\Nﬂ

10)

VB

5. fAkuit 13 BOX iHTErpaJiiB OLIbIINI

PO3JIJI 1. Busnauenud thwmeezpas

2)/1(\/2m2+7x—41)dx,

r+4 2

2
4) /(log%’5 r +logy s — 2) du,
1

2 2
6)/(m—i—sinx> dx,
m

0

241

dx,

1+x

1—
10) /< arctg r+arctg _x) dz.

2
2) /x32$dx,
=2
/ 1
2 _,3_ 1+
4)/(1’ x 6) dx,
0
1
6) /(x3 + 4x — 16) dxz,
“1
/ 3
8)/(sinx—x+%) dx,
0

<Cos2 <g — a:) — sin® (% — x) — sin 2% + sin? ) dx.
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1 1
1) /e_wdx, /e_xQ dx,
0 0
1

1
dx dx

N
1
2 2

2
3 1
5) / arcsin x dzx, / arcsin x dx,
1
2

-
[E—
QL
RS
S
[N}
O\N‘H
oW
8

2) [ sin®xdz,

o
NIE]

1

N
\»—‘o\w\ﬂ

sin’ z dz,

\/1—|—x2daj, /xdx,

8
O\Nﬂ

81

e— S x dx

6. BUKOpHCTOBYIOUN TEOpEMH IIPO CepeTHE, OMIHUTH JAaHl IHTEerpaJin

21

1)/ da
1+0,5coszx’

e *dx
100 + 2’

w
SN—
O\H =]
(e
o

\/_dx

4 4 22’

($2 + 1)2 !

-
%M‘H\w [

9) | xarctgxdr,

S

7. doBecTtn HEpiBHOCTI

e

V' 1+ cos? z dx,

J|
 fa
[

lnx

2007

10) / Y g
X

1007
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b 1
T dz T 2
1) — 2) 1< “dx < e,
) 16 /5+3cos2 10’ ) /6 r=e
0
1
1 T
O < 1 _ . o SlIl l‘d
/a: z’ 27, 2 /e r < —,
0 0
2 1 Y
3
5) — < /2”3 “tdr < 3, 0</sm arctgx) doe < —,
16 2’
0o 0
1 5 5
7) TR« cos(sinx) dx < z, §) — < arcsm(sm x)dr < — T
2 2 2 2
0
SCR e m
9) 21 < /arctg(sin x)dr < 16 0)0,7 < /arcsm arctg x) dr < 1
s 1

4

8. O1inuTH JaHi iHTerpaJin, KOpUCTyUnch HepiBHicTio Korri-ByHsikoBchKoTO:
1

1)/x\/sinxdx, 2)/\/1+x2-\/1—|—:1:3dx,
0 0

1 T
3) /\/1—|—x4dx, 4) /\/(1—|—x2)sinxdx,
0 0
T 1
5) /azQ\/sinxd:c, 6) /\/1+x3d:z:.
0 0

Ilpuknaau po3B’a3yBaHHA BOPaB

2.5. Posp’sixxkeMo HepiBHICTH
T+2 gz
log%@ 47) +2 > 0.
Bona piBHOCHJIbHA HEPIBHOCTI:
T+2 g7
log%(Z 4%) > 10g% 3.

3BljicH
220 _ 4.2% < (),

22T —4.2% 4 3 > 0.
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3pobumo 3aminy 2* =t > 0. Toxi orpumaemo:

t(t—4) <0,
2 —4t+3 > 0.

Posp’szasim 1110 cucremy, ogepxkyemo, mo t € (0;1) U (3;4). IToreprarounch
JI0 TIOYATKOBOT 3MIHHOT &, Marumemo, mo dyukiis f(x) = log% (2712 — 47) + 2
npuiiMae JoaTHi 3HadeHHs it Beix @ € (—oo; 0) U (logy 3;2). Ockinbku f(0) =
log% (22—1)+2 > 0, ro niginrerpaibua Gynxiuisa f(z) > 0 aus seix x € [—1;0].
3a BJIACTUBICTIO BU3HAYEHOTO 1HTErpaJja MaeMo
0
/(log¢1§(2er2 —4")+2)dx > 0. »
1

1 1
6.10. ITognaunmo f(z) = —, g(z) = sinz. Oyukuis f(r) = — — MOHOTOHHO
T T

crasiae Ha npoMixkky [1007;2007], ¢g(z) = sinx — obmerxkena na [1007; 2007].

Toui 3a nepmoio gpopmysioro bore moxemo 3anucarTin:

2007 ) 1 £
sin x
I = dr = —— sinx dr =
/ x 1007
1007 1007

(—cos€& + cos 100m) = L(1 — cos ),

~ 1007 1007

ne € € [1007; 2007].
Ockimpku —1 < cos€ < 1, € € [1007;2007], 0 0 < 1 —cosé < 2.

B pesyJibTari oTpuMaEeMo OIIHKY iHTerpaJia

200w
sin 1
0< de < —. »
h / x = 507

1007

7.9. Hocuigumo dyukuio f(xr) = arctg(sinz) na naiiblibiie i Halimeniie
o T . . .

3HAUYCHHS Ha BIJIPI3KY [Z’ E} SHAMIIOBIIN OXIIHY 1 NPUPIBHSABIIN 1T 10 HYJI,

: . T

OTPUMaEMO CTAIIOHAPHI TOYKK T = +7mn, n € 2.
: : : : [T
OCKIJTbKY TOYOK, TI03PIIUX HA €KCTPEMYM, Kl JIeXKaTh BCEpPEINHI kit
He icHye, To (pyHKIs HabyBae CBOrO HAHOLILIIOrO 1 HAMMEHIIOrO 3HAYEHHs Ha
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2
KIHIAX Bifipizka. B Hamomy Bumajgky m = f(%) = arcth, M = f(%)

T
tgl = —.
arctg 1
3a BJaCTUBICTIO 8 MaEMO
2 2 2
%arctg% < /arctg(sin x)dr < 71T—6

us
4

1

2
Ockinbku arctg — > arct TO

_7T
6

9

™

2
tg(si dr < —,
arctg(sin x) dx G

7T<
24

ISH
voly

mo # Tpeda Oyso joBectu. B
8.4. Hexaii f(x) = v1+ 22, g(x) = v/sinx. Toui 3a uepisnicrio Koi-Bymsi-

KOBCHKOI'O OTpHUMaEMO:
T

(i\/(1+x2)sinxd9:>2gj(m)de,/<@)2dx:

0

77.2

:zw(1+§).

- (:+3)

Orxe,
[ , 2m
Oé/\/(l—l—xz)smxdazé ?(3+7r2). >

0

§ 2.3. InTerpyBanHs yactuanamMu. Popmysia 3aMiHU 3MIHHUX

Dopmyaa inmeepysarms wacmuramu. Aximo dbyuxuii U = U(z) ra

V = V(x) maioTh Ha Bipi3Ky [a; b] HemepepBHi mOXi/THI, TO BUKOHYETHCS PIBHICTD
b

b
— /VdU.

a

b
/UdV:UV
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Ao ast byskiiin U ta V' icHyoTs HenepepsHi moxiaui 1o (n+ 1)-ro nopsaky
BKJIIOYHO Ha BLAPI3KY [a;b], TO cupaBmKyeThes ysarajibHeHa GopMysia iHTerpy-

BaHH{A YaCTUHAMMU:

b
+(=1)"* / UtV dg.

a

b

a

b
/ Uvet de = (V™ gyl (—1)ruy)

Dopmyaa 3aminu 3minnoi. Jdxmo Gyukiis f(x) € HenepepBHOIO Ha Bijl-

pisky [a;b], a ¢'(t) HenepepBHa Ha BiIPI3KY [ov; (], mpuaomy p(a) = a, ¢(5) = b
ia<p(t)<bmymsscx t € |o; f], T0

b B
/ f(x) dz = / F(t)! (1) dt

3 dopmysin 3amMiHu 3MIHHOT Yy BU3HAYEHOMY 1HTErpaJii BUILJIMBAIOTH HACTYIIHI
BJIACTUBOCTI.

1. Hexait f(x) — HenepepsHa B cumerpudHOMY HPOMiXKKY [—a;al, a > 0.
a

Toni, axmo f(x) e HemapHOW©, TO /f(x) dr = 0, gkmo f(z) € mapuoi, 10

l/f M—sz

2. Hexait f — HeTllepepBHa TeplognydHa (QYHKIA 3 TeploJloM w, TOOTO
flx +w) = f (x) Toui muist Oyub-KOro BiApI3Ka JOBXKUHOK W OTPUMAEMO
dopmy.ry

a+w

/f m—/f

SayBa}KI/IMO, 1o HaBe,D;eHl BJIACTUBOCT]I B Oararnbox BHUITaJKaX CYTTE€BO CIIDO-

HIYIOTH OOYMCJICHHS BUBHAUYEHUX 1HTErpaJiiB.
Bmpasu

1. ObuucauTu iHTErpaJIn:
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1

o

—22 4+ 3+ 18
n dx,
z+6

')
)

3
2

58
sgn(z® — 2% — 4z + 4) du,

5) sgn(logy (7% + 2) + 1) du,

"t~

55

\

[x] dx,

-2,5

5
/ln
1

2. O6UnCIUTH IHTErpaJIn:
Y

1) / " sinx dz,

3
3) / (334 sin 3z + cos g + tg® x) dx,
-
5) /cosxsin (21‘ - %) dz,
1
7 / xdx
?+x+1
o
5
9) /sm4xcos4xdx,
%

PO3JIJI 1. Busnauenud thwmeezpas

|z + 1] + |2 + 2|

dx,
|z — 1] + |z — 2|

2)

e}
— w

4) [ logs(sgnx + 3) dz,
sgn(sinx — cosx) dx,

6)

8) [ logy([x]* + 4[x] + 3) du,

o o |
\l\'} \M‘ﬂw

™

10) / x sgn[cos x] du.
0

\mm

2) [ (cos*z + x*sinz) dz,
-
5
T — 225 4 323 — 1
" /:1: x +2:1: T+ iz,
cos? x

SE (e

6) / sin x sin 2z sin 3z dz,
0

5w
3

8) / sin 3x dx,

e
8

3

dx
10) /—
Hh—3cosx

2

3

3. SuaiiTu inTerpaJiu 3a JIOIOMOI00 cbopMyﬂM IHTEerpyBaHHS YaCTUHAMU:

ze* dz,

1)

O\.—

2) / x arctg x dz,

-1
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3) [ zIn(1+ 2?)dz,

5)

eln:r:

™

Tsinx
9) -— dr,
COs? x

(1—Inz)*dz,

—— T —

In(1 + tgz) dz,

2x

13) [ e**coszdx,

17)

19)

3
i
07T
0/
3
15) /cos”xda:, n € N,
0
/1
OTI'
0/

(1—a%"dr, n €N, 18)

sin” ' xcos(n 4+ 1)xdr, n €N,  20)

DopMYAG 3GMIHU 3MIHHUL

s

4) /xzsinnxd:c, n € N,

OCL
2
X
0) | ot

xdx
2

. )
Sl X

(00
N—
INE \w‘:‘

1
2

T arcsin x
10) /—(1 — 7 dz,
0

™

12) / e’ cos® x dz,
14)

16)

" dx

V1— 22

o\:]o\._lo\%mo\wmo

sin"xzdr, n €N,

tg?" xdx, n €N,

neN

87

cos" ' xsin(n 4+ 1)xdr n € N.

4. 3naiiTu IHTerpaJju 3a JIOTOMOToio (hOPMYJIH 3aMiHU 3MIHHOT Y BUBHAUEHOMY

1HTerpaJi:

rdx

V3 + 22

1
x dx

2 —,
) VO —4x
-1

In8

et

In3

1
6)/—“6_“’ i,
| Vever
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1 a
7) /d—a: 8) /x2\/a2—x2dx
1+ 222 ’
-1 0
[ dx / cosx dx
9 10

) / 3+ 2cosw ) / 2

. . 9
6 —5sinx +sin“x

0 0
1 2
11) / arcsin v dx, 12) /ln(x—lr 2+ 1) dx,
(1l — )
0 =2
1 3
13 t d 14 1 d
)/arc gz dx, )/arcsm 1 x,
0 0
3 0,75
d
15) /ctgxlnsina:d:z:, 16) / a ,
(x 4+ 1)Va2+1
z 0
) ) p
x
17 Vigxd 18
)/ &AL, )/(ex+1)cosa:’
0 —1
Uy . 1
19) /ﬂdx, 20) /x4 arcsin® z du.
1+ cos?x
0 1

5. O0uucuTH 1HTErpaJIn:

2 1
1 1 i
1) / <1 +x — —> e"ts du, 2) / e

T

: dz,
SINT + COS T
0
2 (4 — 1) 3
n(4—x
-~ 7 4 1 1 102 cosx
3) /1n(16—x2) dz, )/n(smaz—l—\/sm T + €957 dx,
_9 z
1 ; 1
T 1Y/

5 , 6 ‘( n=)|de, nen,
)/(e$+1)(:(:2+1) ) / cosmz)|am e
7)/xmln”a:dx, m,n € N, 8)/a:m(1 x)"dx, m,n €N,

0

9) / ch ax cosbx dx,
0



§2.3. Inmeepysarns wacmunamu. Popmysa 3aMiHu 3MIHHUT

IIpuknaau po3B’a3yBaHHS BIIPaB

89

1.8. Posuumemo suadenust Gynxiiit y; = [z] ra yo = [2?] na sigpisky [0;2] :
(0, e 0:1)
(0, ze0:), 1, ze[l;V2),
=91, z€ll;2), Yo=142, x€[V2V3),
(2, =2, 3, € [V3;2),
4, x = 2.

Toni Bimpizok imterpysanns [0;2] posib’emo na wormpu mpomixku [0; 1]
1;4V2], [V2;V3

[1;4/2], [V2:v3], [V3;2] i na upasomy Kinii KoxHOrO 3 HEX Y] Ta Yo OyAeMO

JI003HAYYBATH, BUOPABIIM TYT 3HAYCHHsI Taki X sK Ha miBiHTepBatax [0;1)
1;v2), [V2;V3), [V3;2)
Orxe,

2

1
/ logy([x

V3 2
0

/10g23dx+/10g28d:r:+ 10g29d:l:+/10g2 10dx =
0 1

V2 V3
logy 3 4 (V2 — 1) logy 8 + (V3 — v2) logy 9 4 (2 — v/3) log, 10 =

logy 34 3(vV2 —1) +2(V3 = v2)logy 3+ (2 — V3) + (2 — V/3) log, 5 =

(2 —V3)logy 5+ (1 — 2v2 4+ 2v/3) logy 3 4+ 3v2 — V3 — 1

. >
2.9. 3naiizemo nepioy gynxuii f(r) = sin®
1. Tomi

— sin® z cos* =, nonepeHbo cipocTuBIIHN

Flz) = (1 — cos 2x

5 )2<1+2082x>2:1—16$in42:1;:6—14(1—20084x—|—00524x)—
:6%(1—20084$+w> 1;8(0088x—4cos4x—|—3)
3BiICH OJIEPAKYEMO, IO W = T ocHOBHUIT mtepiog i€l (yHKIl. 3a BJIacTUBI-
CTIO IHTErpPyBaHHS MMePIOAUIHOI (DYHKIIT MaTHMEMO:
/ sint z cost z do = / sin! z cost z do = L
5

a3y

58 (cos8x —4cosdx + 3)d
0
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1 (sin8x - +3)7T 3 >
=— —sindxr + 3z )| = —.
128 8 o 128
3.14. Ilosnauumo I,, = /sin”xdw. Toui
0
i — U=sin""!z, dV =d(—cosx),
Inz/smn rd(—cosx)= =
; dU=(n—1)sin" ?xcoszdr, V=—cosx
. 3 3
— —coszsin" ! 5(:‘ “+(n—1) [sin" %z cos® x du = (n—l)/s.in”_2 r(1—sin®z) do =
0
0 0
= (n— 1)/sin”_2xdx —(n—1) /Sin"a:dx =(n—1)I—o—(n—1)IL,.
0 0
3Bijicn
L,=(n—-1)1,—9—(n—1)1,
TOJI1
—1
I, = t I,

Axmo n = 2k, To

f 2% — 1
ng = /Sinzkxdm = [2]@,2 =...=
0

_(2k—1)(2k—3)-...-3-1/dx_(Zk—l)” ™
2Kk —2)-...-4-2 (2 2
Axmo n =2k + 1, To
7 2%
Iop i1 :/sin%ﬂacdx: 2k3—|—112k_1 =...=
0
(2 —2) ... 4.2 / )
— simmrar = ——————.
(2k+1)(2k—1)-...-3-1 (2k + 1)!!
0
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4.9. /lo 3a1aHoro iHTerpaJa 3acTocyeMO YHIBEPCAJIbHY TPUTOHOMETPUIHY ITiJT-

X .
CTaHOBKY t = tg 5 Toni

NIE]
~

|
—

o)

I8
Q.
&

—

[\
i~

I
O\H

—

[N~}
L=

/ dx o — 2
_ )
/ 3+ 2cosx cos:czﬁ, t1 =0, ty =

—_

dt 2 t 11 2v5 V5
2/ /5

o

§ 2.4. ObuuceHHd TJIOIII TIJIOCKO1 (birypm

MHuorokyTHOIO 00/TACTIO 300 MHOTOKYTHUKOM OYIeMO HAa3UBAaTH JIOBLJILHY CKiH-
YeHHY IJIOCKY (pirypy, ooMexkeny ojHieo abo KiIbKOMa 3aMKHEHUMU JIAMaHUMU.
st rakol pirypu HMOHATTS IO BXKE JIOCTATHHO BUBYEHE B IIKIJILHOMY Kypci
reoMeTpii.

Posrisinemo renep poBiibhy dirypy (P) Ha mIomumHi, mo sBjste coboo obMe-
KeHy 3aMKHeHy 001acTh. [i Mexxy ab6o xKoutyp (K) 6ymemo 306paxKkaTn y BUTIAI
3aMKHEHOI KPHUBOI (200 JIEKITHhKOX KPUBHUX ). BymemMo po3riisaaT BCeMOKITHBI MHO-
rokyrHuku (A), mo niikom micrarbes B (P) 1 muorokyTauku (B), 1m0 MicTsTh
B €001 (P). fAxkmmo uepes A ta B nosnaunTu BignosigHi iM miomntg, o A < B.

Muoxuna ancen {A} obmexena 3Bepxy Oyjb-skuM B. Tomai muokuna {A}
Ma€ To4uHy BepxHio mexy Py, npuuomy P, < B.

Amnagnoriuno, muoxuna ancesn {B} obmexena 3uudy auciom P,. Orxe, {B}
Ma€ TOUHY HWXKHIO Mexy P* npuuomy P* > P,. i rpanuni jgocuTh 4acTo Ha-
3UBAIOTH BIIMOBIIHO 8HYMPIWUHBOM0 i 308HIWHBO10 naouero dizypu (P).

Ao obuisi mexi P, = sup{A} i P* = inf{B} cniBnagaors, To iXHe CI1ijib-
He 3HaveHusi P Hasusators nuowero gieypu (P). B upomy Bunajky dirypy (P)

Ha3HUBaIOTb ’ICBG,OPOBG,HO’IO.
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Kpurepii KBaIpoBaHOCTI MJIOCKOI (irypu.

1. [yt oro mob dirypa (P) Oyna KBaJpoBaHO, HEOOXITHO 1 TOCTATHBO, 1100
icuyBaJin Taki jiBi nocsijgorocti muorokyrHukis {(A,)}, {(B,)}, ski BignosigHo

mictarbesa B (P) 1 mictars (P), muori sknx Majn 6 CIiabHYy TPAHUIO:

lim A, = lim B, = P.

n—oo n—oo

2. Jlnst roro 1mob dirypa (P) Oyia KBaJpoBaHOW, HEOOXITHO 1 JOCTATHBO,
106 icHyBaJiun jiBi nocigosrocti kBajgposanux iryp {(Qn)}, {(R,)}, BianosigHo

TaKWUX, MO MIiCTAThCA B (P) 1 MicTats (P), MO SKUX MAOTh CIIJIBHY TDAHUITO:;

lim ), = lim R, = P.

n—oo n—oo

3. st Toro o6 dirypa (P) 6ysa KBajgpoBaHOoO, HEOOXITHO 1 JTOCTATHBO, 1100
i1 kouryp (K') MaB 1oy piBHY HYJIIO.

BayBaxumo, mo ko ¢irypa (P) obMmexkena KiobKoMa HEIepepBHUME abo
TJIaJKUMU KPUBUMHI, TO BOHA € KBAJIPOBAHOIO.

Baacmusicms adumusnocmi naowi. Hexaii dirypa (P) poskiajena Ha
nBi dbirypu (Pp) ta (P) TaKuM 9UHOM, 10 BOHU HE MAIOTh IHIIUX CIIBHAX TOYOK,
KPiM MexKOBUX. 3 KBaJIpOBAHOCTI J1BOX 3 Tphox diryp (P), (Pr) i (P;) BuiuiuBae
KBaJIPOBaHICTh TpeThol, npudomy P = P + P».

[Tiomna kpuBostiniiinol Tpamerii (dbirypu, obmexkenoi kpusowo y = f(x), me
byukuis f(x) Busnauena, HeBij'emHa 1 HelepepBHa Ha BlAPI3Ky [a;b], npsiMumu

xr=a, x=">1Bsiccio Ox (muB. puc. 1)) BusHaIAETHCS 38 (HOPMYIIOI0

S/bf(a:)dx

Ha mijicraBi BJIaCTUBOCTI aJIMTUBHOCTI ILJIONLY (DIrypu, 0OMEXKeHOT MpsiMUMu
r =aix =>bmtaxkpusumu y = f(z) i y = g(z), ne f(z), g(r) - Busma-
deHi, HeBi'e€MHI 1 HemepepBHI Ha BipisKy [a;b] 1 miag goBiibHOrO € |a;b]

f(z) = g(z) (nuB. puc. 2), 3HaxopnmMo 3a GOPMYIIO0

5= / (f(2) - g(a))da.

a
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Y y = f(x) y y = f(x)

Puc. 1 Puc. 2
dxmo dirypa, obmexena kpusoo y = f(x), ge dyukuia f(r) Busnauena,
HeJI0JlaTHA 1 HerlepepBHa Ha BiJpisky [a;b], npsmumu © = a, x = b i Biccio O,

TO 11 1J10111a OOUKUCIOETHCs 38 (POPMYJIO0

B sarasproMy Bumnajky miomia ¢birypu, obmexena kpupoio y = f(x), ne
dbyukiis f(r) Bu3HadeHa i HeniepepsHa Ha BiJPi3Ky [a; b, npsivumu © = a, * = b

1 Biccio Ox, BU3HAYAETHCA (POPMYJIIONO

S—jf(:v)ldx-

Hexait mexa 110cKol (hirypu € KyCKOBO-IJIaJIKOIO 3aMKHEHOIO KPHUBOIO, 3a-
. x = (1), .
JIAHOIO MapaMETPUIHO PIBHAHHAMU ne o(t) i ¥(t) — HemepepBHO

y =Y(t),

nudepenniiosri dyHkil Ha BiAPI3Ky [to; T] 32 BUHATKOM, MOXKJIMBO, CKIHUEHHOT
KiJTbKOCTI TOUOK. BBazkaemo, 1o Touka M (@, 1)) mpu 3miHi ¢ B MexKax Bij ty J10
T mpobirae Mexxy (irypu, 3aJuaioIr HalOJKTy 11 YJaCTHHY 3J1iBa BiJi HAIPSIMY
pyxy. Toui moma (hirypu 00YnC/IIOETHCS 38, OJIHIE0 13 (hopMyII:

T T

5= / bWy, S = / (0 (1) dt,

to to
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to
PosrisimemMo KpuBy, sKa 3aJ1a€ThbCs B MOJSIPHUX KOOPAWHATAX PIBHSIHHIM

r = r(p), ge dyukuis r(y) BusHaueHa 1 wenepepBHa Ha BiApisky [a; []. La
KPHUBa 1 JIBa MOJIAPHI pajilycu, IpoBeJIeH] BIIMOBIIHO T KyTaMi < 1 3, € MexKero
dirypu, gKy HazBeMO KpHBOJIHIHMM cekTopoM. Ilioma cekTopa, 0oOMexKeHOro
KpuBol 1 = 7(p) 1 HoJdpHUMU pajllycaMu, HPOBEJEHUMU 11ij| Kyramu « 1 [,

O0DUHUCIIIOETHCS 32 (POPMYJIOID

Bopasnu

1. O6uucanru oty ¢birypu, obmexenol rpadikom byl y = f(x) i 3a-
JIAHUMU [IPSMUAMU:

) y=4dx —2% =2, y=0,

)
y=2" =0, y=2,

2
4)y:(sm%—l—cosg), x =0, x:g, y=0,
5) y=2ch—-, x=0, x=2, y=0,

1 5)
6) y=(2—x)v3x—1, T=3, =73, y =0,
NNy=a'—222+5z, 2=0, x=1, y=1,
8) y=Inz, y=Ina, y=1Inb, =0,
9 y=|lgz|, x=0,1, =10, y =0,

10) y = |zPe™, 2=—1, z=1, y=0.

2. O6umcimaTy wionty girypu, odMmekeHol rpadikamu yHKILI:

y=|2?—4x+3], =2, y=1a+3,

T P T Y
2 T 2
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6
x+5
=sinz, y=cosx, y=0, 0 <z <

5 , Y=z,

6

9

N[ X

8
9
10) y=—xze ™ y=In(l1+4+z), z=1.

)y =

)y

7) y = arcsinz, y = arccosz, y =0,
Jy=(r+1)? z=sinmy, y=0, 0<y<1,
)y

=sinz, y=sin2zx, 0 <z <,

3. O6uncauTn oIty Girypu, oOMeXKeHol JiHIsTMH:

) +y° =4, y=lz], y>0
2 2
)
3) a?+yt =4, v+y=2
4) 2 +y* =2, y=2a° y>0,
1
5) 2 +yt =2, ¥ =211, x>§
x? P 9 9
6) — Z 1 _ 2 .2 < — 2
i e TR A TS
2 2
8) 22+y12_1’ Y —br =0, 2>,
z )
9 Y 1, =5
TR
UV gr—ay =36
10) — - L = — 4y =
T
4. 3uaiitu oty Girypu, oOMeXKeHol mapaMeTpUIHO 3a/[aHOI0 KPUBOIO:
1) x =acost, y="bsint, a>0, b>0, 0<
2)  =a(t —sint), y=a(l —cost), a>0, y=0, 0<t<2m,
3) 2 =acos’t, y=asin®t, a >0, 0<t<2m,
4) x = a(cost +tsint), y =a(sint —tcost), a >0, 0<t < 2,
5) x = a(2cost —cos2t), y = a(2sint — sin 2t),
6) =3t% y=3t—1t, —V/3<t<V3,
7) x=asin2t, y=asint, a >0, 0 <t <,
8) e H1-t) 1<t<1
Tr = = ——— — X y
1+ 2 Y 1+
a sin 3t asin 3t s 7
)x: . y Y= ) __gtg_;
sint cost 3 3

t < 2m,

95
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10) x = a(1 4 cost)cost, y =a(l +cost)sint, 0 <t < 27.

5. SuaiiTu 1o (iryp, ooMexKeHnX KpUBUMHE, 3a/laHUMK B [OJISIPHIN cucTeMi

KOOP/IMHAT:
1) r = 2v/3acos o, 2) r = 2asin ¢,
3) r = asin 3y, 4) r=a(l+ cosyp),
5)r=2—cosp, r=cosp, 6)r=acosyp, r=a(cosp+sinyp),
a
7) r? =a%cos2p, = —, 8) r=34cosdyp, r=1—cosdyp,
) i NG ) ¥ p
9) r = acos3p, 10) r = ap, 0< ¢ < 2.
6. O6uncanty myomty dirypu, obMmexkenoi Kpupoo y = —x2 + 4x + 1 i goru-

YHUMHM JI0 Hel, MPOBEJICHUMHU B TOUKax 3 abcuucamu xq = 0, 19 = 3.

7. Bl npsiMi neperuHalOThCs B TOUNl B 1 JOTHUKaOThCs JI0 Mapabojiu B TO-
gkax A 1 C. Hosecru, mo mioma AABC, obmexenoro jyroo AC napabosu i
Bigpizkamu AB 1 BC, nopiBHIOE %AB - BC' - sin ZABC.

8. 3naiiTy Haitmentry monty irypu, ooMeskerol napabosoo y? = 2px i Hop-
MaJLJIIO JIO Hel.

9. 3uaiiTy HaliMeHILy IIoNLy (pirypu, oOMeXKeHol rinepbosion xy = 3 1 npsd-
MO0, siKa TIPOXOJUTH depe3 Touky M (1;4).

10. V¥V gxomy BigHOIIEHHI MpAMa T + Yy = 2a JJAUTH Moty jaucra Jlexkapra

23 + 3 = 3axy?

3

Ta 11 aCUM-

11. Josecru, mo miomma irypu, 0bMexenol Kpusoio y> = 5
a—x

ITOTOIO & = 2a, JOPIBHIOE TTOTPOEHIH TIJIONI KpyTa, KUl TPOXOJUTH Yepe3 moda-

TOK KoopjuHar 3 nenrpom B rouni O(a;0).

. ) 8a’
12. [osectu, mo mioira (pirypu, oOMexKeHol KpPUBOI Yy = ————— Ta 11
x? + 4a?

acumniToToro y = 0, y doTupu pas3u OLIBINA 3a MJIOILY Kpyra pajiyca a.
13. /losectu, mo mwioma irypu, oomexxerol mucoinon Jiokjieca x = 2asint,
20°sin®t . , ,
= Toont Ta 1T aCUMITOTOI X = 2a, BTPOE OLIbIIA 3a ILJIOILY Kpyra paJiyca
coS

14. osectn, 110 TJIOMA TPUJIUCTHUKA T = @ SN 3¢ JOPIBHIOE UBEPTI TLJIOII

OIIMCaHOI'O HaBKOJIO HbOI'O KpYTa.



§2.4. Obwucaennsa naows naockoi dieypu 97

IIpuknaau po3B’a3yBaHHS BIIPaB

2.9. [Tobyryemo miocky dbirypy, obMexeHy 3ajaHUMi KpUBUME (1B, pUC. 3).
[Tsomia mmockoi (irypu S cKIaJIaeThes 13 JBOX IJIOI S Ta So.

SHaiijleMo aOCIUCH TOYOK IEPETHHY IHUX KPUBUX:
sin x = sin 2z, sinz(2cosz — 1) =0,

r=mn, n €z, x::bg—l—Zﬂn,nEZ.

Y
; =sinw
0 T T x
3 2
Yy = sin 2
Puc. 3
Toi
3 m
S:SlJrSg:/(sian—sin:z:)d:r:Jr/(sina:—sinQa:)dx:
0 5
cos 2x 3 cos 2T\ |7
:(— +cosx> +<—cosa:+ > =
2 0 2 z
Ll 1+1+1+1+1—5( ). »
17273 g Ty T g WO

3.10. ITo6yyemo mocky dbirypy, obMexkeny 3ajaHiMu KpUBUMU (JiMB. pUC. 4).
29
3Haii1eMo abCIICH TOUOK IePeTUHY Trinepoo/in 6 9= 1 i mpamoi 9x—4y = 36,

PO3B’A3aBIIM CUCTEMY PIBHSAHD:
22 g2
L,
16 9

9z — 4y = 36.
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Puc. 4

Marumemo 1 =4, x9 = 5.

Topi mtonty 3a1aHol (BIirypu mykaemMo 3a popMyJIor:

5 5
S:/Z\/x2—16dx—/9x;36da::
1 4
3 5 1 /922 5
— (éx\/a:? “ 16— 6ln |z + Va? — 16\))4 - Z(% - 363:)‘4 -
45 1 1,225 144 45 9 9
= 246l — (52— =2 -36) = 2~ - 62 = —61In2 (k. on)
8—!—6n2 15 5 36 TR 6 In 5 6In2 (kB. 071.). »
Y
a
—a 0 a T
—a
Puc. 5

4.3. Jany kpuBy (acTpoijy) MOKHA 300pa3uTi B JIGKAPTOBIil clCTEMI KOODI¥-
Har (quB. puc. 5). 3a GopMyIIor 00UNCIEHHS IO II0CKOI (hirypu, 0OMeKeHol

mapaMeTpuiHo 3aaHOI0 KPUBOIO, Ma€MO
2 2T

S = —/asin3t-(acos?’t)/dt:3a2/sin4tcos2tdt:

0 0
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2 2

3a2 3a> [1—cos2t 1—cos4t
:%/sin2tsin22tdt: Z/ ;OS . ;OS dt =
0 0
3a? yi
=16 (1 — cos 2t — cos4t + cos 2t cos 4t) dt =
0
5 21
3 1 1
:1—% (1—coth—cos4t+50086t+§cos2t>dt:
0
3a? i 1 1
:E (1—50082t—cos4t+§cos6t>dt:

0

21 3ma?
=3 (kB. O1.). >

3a? 1 1 1
= %(t— ZSith_ Zsinélt— Esin6t)

Puc. 6

5.5. 3006pasumo birypy B nossiphiit cucremi koopaunar (jus. puc. 6). Toni

oly

2T
1 1
szsl—s2z§/(2—cosso)2dso—§/cos%dw:

0 —

(V]

s

21 2

1 1+ cos2¢p 1 [ 14 cos2p
= [ (1-14 )y - o | R dp =
2/( cos ¢ + 7 ® 2/ 5 '

O —

NIE]
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1 in2p\ 27 1 1 3
:5(4g0—4singp+§+sm4 g0) . —Z<g0+§sin2¢> - =
17
:47T—|—g—%:Z7T(KB.OL[.). >

§2.5. ObuncsieHHd JIOBXXWHU JIyT'd KPUBOIL

Hexait miocka kpuBa [ 3ajana napamerpudHo piBHsiHHsAME T = @(1),
y =(t), ne ¢ i1 — HenepepsHi Ha BiIPI3KY [a;b] dbyukii. Ao posrisay T
mapamerp ¢ K dac, To piBHsAHHSA T = (1), y = ¥(t), a < t < b BU3HAYAIOTDH
3aKOH pyxy Touku M 3 KOOpAMHATaMM T Ta Y Ha IUIONMHI, a Kpuba I €
TPAEKTOPIEI0 PyxoMol Touku. OT¥Ke, JOBXKUHY JIyT'M KPUBOI MOXKHA PO3LJISIATH
AK TJIAX, TIPOAJICHUIT PYXOMOIO TOYKOIO.

Byjiemo BBaxkaru, 110 Kpusa € riajikoto, 1obro dbyukuii © = ¢(t), y = ¥(t) na
BiJIPi3Ky [a;b] MaioTh HemepepBHi moXiTHI, fKi 3 (DI3UIHOT TOUKH 30Dy 3a/a10Th
Bexrop mwsngkocri U (1) = (¢'(1);¢(t)) B koxuMil MOMEHT uyacy € 3 HACOBOIO
MPOMIKKY [a; b].

Toi nomxkuna gyru Kpusol I’ Ha MpoMixkKy [a; b] obumcoeThest 3a HhopMyJIor0

1= [ VP @ard

dxmo kpusa [ € rpadikom nenepepsro jnudepentiiioproi dynkmii f(x) nva

BiIpi3Ky [a; b], To moBxkuua jyru kpusol [ obuncoershest 3a hopMysion

b
l:/\/l—i— (f'(x))?dw.

dkmo kpuBa 3ajaHa B TOJSpHINA cucremi KoopauHat, ToOTO T = T(¥),

a < ¢ < B, To dpopmysia obUUCTeHHs JIOBKUHU JIyT'M KPUBOI MAaTUMe BUIJIsI]I

B
1= [V et de

Hexait mMaemo mpoctopoBy Kpupy ', 3ajaHy mapaMeTpUdIHO PiBHSIHHAMUI

=), y=1v(t), z=XAt), a <t <b. Braxaemo, mo kpusa [' rrajka, 10610
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byl © = ¢(t), y = ¥(t), z = A(t) e menepepsHo nudepentniitopanmu. Tosi

JIOBXKHMHA, JIyT'H IIPOCTOPOBOI KPUBOI OOUHUCTIOETHCA 38 (POPMYJIO0

1= [ V@R TOR+ (V@R i

Bnpasu

1. ObuncinT TOBXKUHY JIyTH KPUBOT:

=ez+4+e 2, 0K

= /o — 22+ arcsiny/z, 0 <z <1

= arcsin(sinz), 0 <z < m,

=+ 1—2a?+arcsinz, 0 <z < 16
10) y =2(vVe* — 1 —arctgve® — 1), 0

2. ObuucuTN JOBXKWHY JIyT'M KPUBOI:

VAN
S

/N
N

Dae=3t—1, y=—4t+2, 0<t<1,

8
9

r=a(t—sint), y=a(l —cost), 0 <1t < 8m,

)
)z =1t>—t+1, y:t2+t+1 0<t<1,
3) =863, y==6t2-3t", 0<t<V2,
4) x=6—3t2, y=4t3, —\/5 <t < V2,
2—1 t
Nr=———7:\)y=—— 1<t<2,
2—1—175 2+tt
6 xr = 3 = 7O<t<17
) vite ' Vite
7) x =acos’t, y=asin’t, 0 <t <2,
)
)

r = a(cost +tsint), y=a(sint —tcost), 0 <t <,
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6. OBnaiiru upamy, napasenbny oci Ox, dKa JUIMTL apKy IMKJIOLM
x = a(t —sint), y = a(l — cost), 0 < t < 27, HA TPU JyTU OJHAKOBOI
JIOBXKMHMU.

. T
CHHyCOT,[LHy:CSIHg, 0<ze<—, c=+Va

<.

PO3JIJI 1. Busnauenud thwmeezpas
10) z = (t* — 2)sint + 2t cost, y= (t* —2)cost — 2tsint, 0 <t
3. O6uucauTH JIOBXKUHY JyTI'M KPUBOI:
1) r = acos p, 2)7“:acos3§,
3) r=a(l + cosyp), 4)r=ap, 0<p<2m,
© a i
5) r = asin® 6)r=——\ —2<p<
)T asm23 ) 1+ cose’ g N7
7)7’:2asm SO, gpgz, 8)7“—CLSID4£
COS ¢ - 3 4’
a T T a
9>T:Sm3§’§<éﬁ<77 ]‘0)7“:@7 37T<90<57T

4. O0uncauTH JOBXKUHY JIyT'H TPOCTOPOBOI KPUBOI:

x=2t, y=Int, z2=1%, 1<t <2,
N wx=3t—t2, y=3t2, 2=3t+t3, 0<t <1,
r=c¢e, y=et, z=+2t, 0<t <1,

r = at, y—a\/fsmt z-aﬂcost 4 <t<9,

)
)
)
)
5) x = atcost, y = atsint, z—%ﬂ, 0<t<2,
)
)
)
)

w

4

6

X

7)x=acos’t, y=asin®t, z=-cos2t, 0<t<2m,

8) = 3a’y, 2xz = d’ §<y<9a,

a+t+x
a—x

9) dax = (y + 2)?, 42*+3y*=32% 0<x<a, 220,
_am

10) x = asing, z=—In
a
5. 3HaiiTu nepumerp pirypu, oOMeKeHOI KPUBUMMU:

) a?=(y+1)3, y=4, 2) Y3 =%, y=+v2— 12
3) y* =2px, 2z=p

t
a(t —sint), y = a(l — cost), z:4acos§, 0<t<2m,

7. JloBecTu, 110 JIOBXKMHA eJiinca r = acost, y = bsint, JOPIBHIOE JTOBXKIHI

21 2 12

b Y
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8. ITapabosa 4ay = z? “KoruThea” Ge3 KoBzaHHdA B310BXK oci Ox. Jlosecrn,
. x
Mo HoKyc napadbo/iu ONMUCYy€e JAHIIOTOBY JIiHII0 * = ach —.
a

9. dkuo kappioina r = a(l—sing) “korurbes” 10 nukIOU T = a(t—sint),

y = a(1l — cost), To i1 BicTps onucye npsamy Jinio. losecru me.
IIpukiaagu po3B’a3yBaHHS BIIPaB

1.7. 3raitgemMo moxigHy 3aaH01 QYHKIIT:

y = (Va — 2%+ arcsin/z) =

1—2x n 1 r
Wr—22 J1—z 2z
2—2x 1—x

:2\/x—x2: x

Toxi 3a gopMyao0 OOUYUCTIEHHST JTOBXKWHHU JIyI'd KPHUBOI, BPaXOBYIOUH, IO

0 < x < 1, 3anumemo:

1 1
[ 11— d L
l:/ 1+ xdx:/—x:%/fl =2 (min. om.). >
x T 0
0 0

2.10. 3HaiigeMo moxiJiHi:

x, = 2tsint + (t* — 2) cost + 2cost — 2tsint = t* cost,

y, = 2t cost — (1* — 2)sint — 2sint — 2t cost = —t*sin .

Tomi

™

l:/\/t4coszt—|—t4sin2tdt:/t2\/coszt—|—sin2tdt:
0 0

™

3
:/t2dt:t—
3

0

™ 7'('3
=3 (nin. om.).  »

0

3¢

3.5. Oyuxilig r = asin 3 € MepioINIHO0, TOMY KpPHBa € 3aMKHEHOIO (JTVB.

puc. 7). 3uaiiyemo nepiof GyHKIT, cKOpUCTABIIKCH GOPMYIIOI OHUKEHHS CTe-

[eHd:;
.3a 3 . a 1.
sin §2—81n———81n304.

4 3 4

3BiJICH OJIEPXKYEMO, 1110 W = 67 — OCHOBHUIA IIEPIOJI.
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Tomy
6m 6m
l:/\/a281n4§-COSQ§+aQSin6§d¢:a/sin2§\/sin2§+0082§d<p:
0 0
6m 6771 20 5 5 6
— cos = m
=a/sin2§d90:a/—2 3 dgng(ap—§sin?¢> . = 3ma (nin. om1.). »
0 0

Puc. 7

6. Criouarky 3HaiiIeMO JIOBXKUHY JIyT'W MEpINol apKu MUKJI0Tu (J1uB. puc. 8):

2m 2m
l:/\/a2(1—cost)2+a2sin2tdt:a/\/2(1—cost)dt:
0 0

2
2 in dt 4 t
= 2a [ sin—dt = —4acos =
2 2
0
Hexait ty — mapamerp, axuii Bianosigae Toumi A Ha NUKJIOII, TPHIOMY JTOB-

8a

xwuna qgyru OA piBHa 3 st Toro, 1mo6 3HaiTh tj, po3B’s’>KeMO PIBHSIHHS:

2

;= 8a (siH. 011.).

to
8
/ \/@2(1 —cost)? + a?sin’tdt = Ea'
0

. 1
3Bijicu tg = 2 arccos 3
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[o6 3HaiiTu mpsMmy, Hapajenbay g0 oci Ox, 110 3aJI0BOJIbLHSIE YMOBY 3aJa4li,

mijicTaBuMO 3Hajiiene 3Hadenus tg y supas a(l — cost). Tomi

1 9 1 . 9 1
Yo = a(l — COS <2 arccos §)> = a(l — COS (arccos 5) + sin (arccos §)> =

1 8 16
:a<1——+—):—a.

9 9 9
Y
2a t /\
A B
C
O ar 2am ™
Puc. 8
: . : 16
OckinbKK apKa HUKJIOLIM Ma€ BiCh cUMeTpil & = 7a, TO NpsaMa, y = g @ meperte
: : , 8a
apKy 1me B Touni B Taxiii, mo gosxxuna jyru BC' pisna 3 (nuB. puc. 8).

16

Orxke, y = 9 a — IpsgMa, sgKa JIJIATH [epIly apKy IMUKJIOIM Ha TPpU YaCTUHH

OJIHAKOBOI JIOB>KUHU. P>

§2.6. O6uncsaeHHs 00’€MiB IIPOCTOPOBUX TLJI

Hexaii 3aau0 Tiso (V') nosiabrol hopmu, ToOTO 0OOMEKeHA 3aMKHEHA 00J1aCTh
B TpuBnMiproMy mpoctopi. Mexeto (S) rima (V) e samkuena mosepxusi (abo
JIEKIJIbKA TAKUX [TOBEPXOHD ).

Posrsimaemo muororpannuku (X) ob’emy X, M0 MIJIKOM MICTATHCA B T
(V') 1 muororpanaukn (Y) o6’emy Y, mo micrsars B cobi Tio (V). Ienye rouna
Bepxus Mexka Vi must { X} 1 rouna mmkng mexa V* qis {Y'}, mpuaomy V, < V*.

[x Ha3WBaIOTH BiJIIOBIHO BHYTPILIHIM 1 30BHIIIHIM 00’€MOM TiJa.
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Ao obuasi mexi Vi = sup{X}, V* = inf{Y'} crnisnagaors, 10 ix cruigbhe
sHadeHns V HasuBaeThes 06’emom miaa (V). B npomy Bunajky came tiso (V)
Ha3UBAETHCH KYOOBHUM.
Baacmusicms adumusnocmi. dkmo tino (V) poskiajiene Ha jBa Tija
(V1) ma (V3) mak, 1o BOHUM He MalOTh IHIINUX CHLILHUX TOYOK, KPIM MEXKOBHUX, TO
13 icHyBaHHS 00’€My JIJIs1 JIBOX 3 IIUX TPbOX TiLJT BUIJIMBAE ICHYBaHHS 00’ €My JJisi

TpeThoro Tijia, npuiaomy V = Vi 4+ V5.
Kpurepii kyboBHOCTI TiJja.

1. Jlns roro, mo6 tiso (V) mano ob’em, HEOOXIHO 1 JOCTATHBO, 1MI00 iCHY-
BaJId Taki Bl moCiIoBHOCTI BifmoBianux muororpanaukis {(X,)} i {(Y,)}, mo
micrsirbest B T (V) 1 mo micrsats B cobi tisio (V), o6’emu sikux Masm 6 criibHy
IPAHUIIO

lim X, = limY, =V.

2. s toro, mo6 tiso (V') mano 06’em, HeoOXiTHO 1 T0CTaTHBO, 1100 iCHYBaJIH
Taki JBi nocsigosrocti Bignosiannx kybosuux T {(71),)} i {(U,)}, mo micrsrbes
B Tim (V) 1 mo mictars B cobi Timo (V), ob’emn srux Main 6 COiabHY MPAHUITO

lim T, = lim U, = V.

n—oo n—oo

BayBaxkumo, 110 TijI0, oOMexkeHe OjiHi€0 abo JeKiJIbKOMa HellepepBHUMHU I10-
BEPXHAMU, Ma€ 00’€M.

Hexaii ky6osre Tisio (V') micTuThest MiXK JIBOMA TIONMHAMU T = @ Ta T = b,
a KOYKHA TUIONUHA T = ¢, MepleHIuKy/IsapHa 1o oci Oz, y nepepisi 3 tijom (V)
Jae KBajipoBany (irypy, mioiia sikoi pisia P(x), ge P(x) — nenepepsHa QyHKITisI

Ha Bijpisky [a;b]. Toui

Tinom obepmarrs HA3UBAEMO IIPOCTOPOBE TLIO, sIKE MOXKHA, JICTATU 00ep-

TaHHSM JIesIKOI KPHUBOJIIHIMHOI Tpalenil HaBkoJio oci. KoxkHe Tijio obepTaHHs €
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KyboBHEM TijoM. O0’eM Tina, gKe JICTaEMO IpU 0bepTaHHl HaBKOJO oci Ox Kpu-
BOJIIHIHOI Tpareriil, oOMex)eHol npsaMuUMU ¢ = a, © = b, kpusoo y = f(x) Ta

Biccio Ox, 00UNCIIOETHCS 38, (POPMYJIOIO

b
V= 7r/f2(:c) dx.

Hexait ¢dbymkiis 3agana napamerpudno piBasiaHaMu © = p(t), y = ¥(t),
to <t < T, e dyuxiis ¢(t) Mae HenepepBHy HeBijI'€MHY HOXIJIHY Ha BiJpI3Ky
[to; T] 1 p(to) = a, w(T) = b, a Gynkuis ¥ (t) venepepsra i HeBi emua Ha [to; 1.
O06’em Tina, yrBopeHoro npu obepranti HaBkoJo oci Ox KPUBOJIIHIAHOI Tparmerril,
0OMEXKEHOT ImapaMeTprudHO 33JIaHOK0 KPUBOIO, HpsiMuMu © = a, ¢ = b, y = 0,

O00YHUCITIOETHCS 32 (POPMYJIOID
T
V = W/¢2(t)¢’(t) dt.
to

dxmo dyuknigs y = f(r) HemepepBHa 1 HeBi'eMHa Ha BiIPI3KY |a; ],
0 < a < b, To 00’em Tisla, yrBOpeHOro mpu obepranHi HaBkosio oci Oy dirypu,
obmexeHol siinisivu y = f(x), x = a, x = b, y = 0, 06uuCIOETHCs 38 POPMYJIOHO

b

V= 27r/a:f(:c)dsc.

a
ZAK1mo KpuBOJIHIHUIT CEKTOD, 10 BU3HATAETHCST KpUBOWO 7 = T (), ¢ € [a; B,
e 0 < a < B <, 0bepraeThcst HABKOJIO TIOJISIPHOI OC1, TO 00’eéM Tijia 00epTaHHs,

IO 1IPU 1bOMY YTBOPIOETHCS, OOUUCIIOETHCs 3a (POPMYJIOO

5
2
V= §7r/7“3(90) sin ¢ dep.
Bmpasu

1. O6uucauTu 06’eM Tijia, yTBOPEHOro IPHU obepTanHi HaBKOJO0 oci Ox dirypu,

0OMEzKeHO]1 JIIHISAMU:
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PO3JIJI 1. Busnauenud thwmeezpas

Hy=1—2% y=0, =0,
2
xrt—
2) y = =0
y 2 7y Y
)2+ (y—b)*=a? 0<a<b,
4 :achz, r=—-a, T=a,

=2’ —20+4, y=4+ux,

=sin’z, y=2xsinz, v =0, z =,
2

8) 22—y =1, 4—y:>4,x:L
9)y=tgzx, y=-ctgx x:%,

3
10)y=2"141, =1, y=a+=.

2

2. O6uucauTn 00’eM Tija, yTBOPEHOro pu obepTaHHi HaBKoJ0 oci Ox dirypwu,

0OMEZKEHOI JIIHIAMU:

1) z =a(t —sint), y=a(l —cost), 0 <t <2,

3

)
2) x =2acost —acos2t, y=2asint — asin2t,
) x = 2asint, y = asintcost,

)

4) r = acos’t, y:asingt, 0<t <27,

3. ObuucanTu 00’eM Tija, YTBOPEHOTO MPHU O0EPTAHHI HABKOJIO MOJSIPHOI OCI

dbirypu, obMexkeHol JTiHIIMU:

1
3

© = ot

)
)
)
)
)

r = acos® p, 2) r =a(l+ cosyp),

r=ap, 0< <, 4)r—a\/m,
r=e”, 0<p<m, 6) z* + a’z?,
r=acos’ g, 8) («* ) =a2($2—y2),
z(2? — ) = a(x* + %), v =3a, 10) (2 +y) = a’z*.

4. Josecru, 110 00’eM mmapabosioiia obepTaHHs, SKUl Ma€ 13 3aJJaHuM IHAJI1H-

JIDOM CIIJIbHY OCHOBY Ta BUCOTY, JIOPIBHIOE MOJIOBUHI 00’ €My IUJIIH/IPA.

5. 3naiitTu 00’eM 3pizaHol mpamian 3 BECOTOIO h Ta IJIOIAMH OCHOB S Ta

So.
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6. 3uaiiTi 006’eM 3pi3aHOr0 KOHYCA 3 BUCOTOIO h, OCHOBAMU SIKOT'O € eJIIICH 3
niBocsimu A, B Ta a, b.
7. Josecru, 1mo 00’€M IOCYIAMHU, siKa yTBOPIOETbCsI 1IPpU ODEpTaHHl KPUBOI
.27 i . 2 L s
y =71+ bsin m x, 0 < x < h, HaBkoJio oci Oz, jnopiBHIOE Tr-h + 3 wb7h.
8. I3 Haxu/ieHOl IUJIHIPUIHOT HIUCTEPHU PAJIIYCOM G Ta BUCOTOIO h BUJINBAE-
ThCs Uepe3 Kpaii pianHa. JoBecTu, 1o B TOl MOMEHT, KOJIX 3BLIbHUTLCS OJOBUHA,

: _ 2
JIHa, 00’€M 3aJIUIIeHO] PIJIMHK JIOPIBHIOBATHME 3 a’h.

ITpuknaau po3B’sa3yBaHHsd BOIPaB

1.9. ITiocka dirypa, sika obepraerbest HaBkoso oci Ox, 300paxkeHna Ha puc. 9.
SHaiiemMo abcnucu TOUOK MepeTHHy KpUBUX 3 piBHdAHHA tgx = ctgx. Tomi oxep-

T
YKIMO, mox:Z+7rn, n € 7.

3rigHo GopMmyan obuucaenHs o6’eMy Tija, YTBOPEHOro 00epTaHHSIM HABKOJIO OCI

Ox KpWBOJIHIAHOT Tparmerii, MaTuMeMo:

jus s

1 1
V:W/(cthx—th:p)dx:W/(,2 - — >dx:
sin“x  cos?x

SIE]
SIE]

N

1 44/3 — 6
:7r<—2+\/§—|—\/§)= 3 7 (ky6. oi1.). B

=7(—ctgr —tgx)

[ E]
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2.4. Actpoina € CHMETPHUYHOIO BIJIHOCHO OCeil KOOpAWHAT, TOAI 00’€M Tija
obepraHHs JIOPIBHIOE IIOJIBOEHOMY O0’€MYy Tijia, YTBOPEHOI'O IIpU obepTaHHI KpH-
BOJIHITIHOT Tpalenii, oOMexKeHoi KpUBOIO, 3a/JlaHOI0 MapaMeTpUIHO T = a cos® t,
Y = asin®t, 0 <t < g, npamumu x = 0, y = 0.

. . . . .
IIpu z =01 = = a BiALOBIHO MaEMO, IO t = 5 1t=0. Toul

%
V =2r [ a*sin’t(acos’t)'dt = —6ma® / sin® ¢ cos? t(—sint) dt =
0

w\ﬂ\
o

= —6ma® [ (1 —cos?t)’ cos?td(cost) =

S
o[

= —6ma’® [ (cos®t — 3cos*t + 3cos’t — cos®t) d(cost) =

o
[SIE

[SIE

3
o ogfcos’t 3 5 3 L 1 9>‘_
= 677@( 3 5cost—|—7cost 9cos.t .=

1 3 3 1 327a’
—_6 3(—— °2_2 —): 6. 01). »
T\ T35 7Ty 105 (Kv6-on)

3.10. IlepeiteMo cmogarKy J10 HOJAPHOI cucTeMu KoopauHat. IligcTaBnsaodan

x =71(p)cosy, y=r(p)sing y piBHsIHHI KPUBOI, MATUMEMO
() (cos? p + sin® p)? = a®r*(y) cos? .

. a . . .
Bsigcu r(p) = acos’ @ = 5(1 + cos 2¢). Oyukiisa r(yp) nepiogudna 3 mepio-
JIOM W = 7 1 IapHa, TOMY KpWBa, CUMeTPUIHA BIJIHOCHO TOPU30HTAJIBLHOI OCI 1

noJioca. Toji 06’eM Tijta 0bepTaHHSA HABKOJIO FOPU30HTAJIBLHOI OCI OOUTHCIIOEMO 34

dopwmyiioro:
2 | 3 . 6 4 3 2 6
V:2-§7r a’ cos cpsmgodgpz—gwa cos’ @ d(cos ) =
0 0
4 5 cos'p|3  Ama®
_ __ . — 0. 01.). »
3™ |, T oy (kvGon)
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6. Hexait HIDKHSA OCHOBa 3pi3aHOro KOHyca JieKUTh B miomuui yOz. Tomi,

BPaXOBYIOUM BJIACTUBICTD ILJIOI] IIOJIOHKX (PIryp, MOXKEMO 3aIUcaTH

S(h) _ (H—h)*

S(0) HE

ne S(h) =mab, S(0) = wAB i H — Bucora KoHyca, 1100yJJ0BAHOIO $IK POJIOBIKE-

HHS 3pI3aHOI0 KOHYca. 3Bijich

Vab _H—h . h/AB
vV AB H VAB — Vab’

Awnanoriauno
S(xz) (H—ux)? _ mAB 5
S(O) - H2 9 S('CU) - H2 (H - x) 9
ne x € (0;h).
Toi

OckiabKn

TO

v

_ mAB(VAB—Vab?h* ( (VAB?  (Vab)®
B 3h?AB (VAB — Vab)?  (VAB — Vab)3

h
- % (AB + v/ABab + ab).
A B
BpaxoByoouu 1110 — = 7 OCTATOYHO OTPUMAEMO
a

_h

V 3 (AB+ Ab+ ab) = %h (AB+ aB + ab) (xy6.o01.). »
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§2.7. ObuncIeHHS TIJIONII MOBEPXHI OOepTaHHS
Hexait dynkiis y = f(z) nesiy’emua i HenepepsHO judepeHiiioBHa Ha Bl

pisky [a;b]. Tozi mioma mosepxui, yrBopeHol npu obepranti rpadika dyHKIl

y = f(z) naBkosio oci Ox, 06UUCHIOETHCsT 38 (POPMYJIOIO

b
S:27r/f(x)\/1+(f’(x))2dx.

Axmo y miBmtomuui y > 0 KpuBa 3ajaHa TapaMeTPUYIHO PIBHIHHAMUI
r o= ), y = (), ty < t < T, ge byuxnii (t) i () nemepepso
JinpepeHIiioBHl, TO IJIOIIA IOBEPXHI, YTBOPEHOI 1pu obepTaHHi 1€l KPUBOI

HaBK0JIO ocl O, 00UYHCITIOETHCA 38 (HPOPMYJIIOH0

S =2 / btV P O+ (PO dt

fkimo kpuBa 3ajana B moJispHiil cuctemi koopauHat 1 = 1(@), 0 < a < ¢ <
B < m, je dynkuis () HenepepsrO judepentiiioBHa Ha Bipi3ky |a; B, TO
ILJIOIA [IOBEPXHi, yTBOPEHOI 1Ipu obepTaHHl Ii€] KpUBOI HABKOJIO NOPU30OHTAJIHLHOI
0ci, 00UNCJIIOETHCS 38 POPMYIIOI0

B

S = on / r(g) sin v/ (r@)E + (7 () de.

o

Akio BiamoBigHI KpuBi 0b6epraTn HABKOJIO0 oci Oy, To popmyn jJist 00IncIe-

HH#A H.HOH_[i HOBerHi O6€pTaHH${ JAJIZ BUIICHABEACHUX KPUBUX MATUMYTb BUIJIAL
b

S =2r / x\/1+ (f/(x))2dx — jrs 9BHO 3a/[aHOT KPHBOI,

a
T

S =2 / 0(t)\/ (@' (t)2 4 (¢ (t))2 dt — st HApAMETPUIHO 3a,1aH0T KPUBO,

to
B

S =2m / () cos o/ (r(9))2 + (r'(p))2 de — st KpuBoi, 3a[aHOI B TOISID-

«
HIM cucTeMl KOOpJAMHAT.
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Hexaii dbyukiis y = f(z) Busnauena i Henepepsro audepeniiioBaa Ha [a; bl
i Ax + By + C = 0 — upgama, He mapaJiejbHa KOOPAUHATHAM OCSIM, TaKa, IO
JIOBLIIbHA 1IPsiMa, sIKa, [IPOXOUTH Yepes3 Oy/ib-sKy TOUKY HPOoeKIil rpadika pyHKIIiT
Ha 3aJIaHy IpsMy IepIeHJIUKY/IsIPHO JIO Hel, Mae 3 IUM rpadikoM JIMIIE OJHY
CHJIBHY TOYKY.
Toal mioma MOBEpXHi, IO YTBOPIOETHCS Hpu obepTanHi Tpadika QyHKITT

y = f(x) maskosio npsmol Ax + By + C' = 0, 06uucaioeTbest 3a hopMysnon

|Ax 4+ Bf(z) + C|
S = V1 '"(z))*d
/ VATt B? (@) de.

a

fdkimo KpuBa 3a7aHa MapaMeTpudHO piBHsHHAMEH * = @(t), y = (1),
to <t < T, ne o(t), ¥(t) — menepepsro nudepentiiiopri GyHKIT Ha BiPi3Ky
[to; T'], 1 3a710BOJIBHSIE 3a3HAUEHY BUINE YMOBY BimHOCHO mpsimol Ax + By + C = 0,
TO ILJIOIA [TOBEPXHI, 110 YTBOPIOEThCs Ipu obepTanHi rpadika (PyHKINT HABKOJIO

upsmoi Ax + By + C' = 0, obunciiioersest 3a (popmyJ10io

|A90 +B¢()+C‘\/
VA2 + B?

=27 + (¢'(t))? dt.

Bnopasnu

1. O6unc/UTH IJIOILY TOBEPXHI, 1110 YTBOPIOETHCS P O0EPTAHHI JIyIr'd KPUBOI

HABKOJIO BKa3aHO1 OCI:

1
1) y=2z, x€l2;3], Oz, Oy, 2)y:Zaz3, xr €1[0;2], Ou,
B)y:acosgg |z| < b, O, 4)y:ach£, z € [0;a], Ox
a

5) a* + (y —b)* =%, r <b, Oz, 6) y* = dax, x € [0;3a], O,
7) 9y = x(3 — :1:)2, x € 1[0;3], Ox, 8) y = a:\/g, x € [0;a], O,
a

9N y=tgr, x¢€ [O;ﬂ, Oz, 10) * + 42 =2Iny, y € [1;2], Oy,

11) x = a(t — sint), y =a(l —cost), t € [0;2xn], Ox, Oy,
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12) x = acos’t, y = asin’t, O,
13) x = acost, y =bsint, a >b, Oz, Oy,
14) x = a(tsint + cost), y = a(sint —tcost), 0 <t < m,

15) r =a(l +cosp), Oz, 16) r = ay/cos2p, Oz, Oy,
17) r = 2asinp, Oz, 18) r =a(l — cosp), O.

2. O6UKCIUTH ILJIOILY MOBEPXHi, yTBOPEHOI IIpy obepTaHHi 3a/1aHOT KPUBOT HaB-

KOJIO BKa3aHOI TIPAMOI:

2) y? =2pz, 0<x<4p, y=2z,

3
A 2
3 y=", 0<z< V2, g Y2

3 3
4) y = arcsiny/z + Vo — 22, 0<o <1, =0,
5) x = a(t —sint), y = a(l — cost), ggtg%ﬂ, Yy = a,
6)x:\/§sint, y:isin%, o<t<m, =0,
7) @ =1t? yzg—t, it < V6, = =3,

8) x =acos’t, y=asin’t, y=u,
9) 4a® +y* =4, r =0,
10) (2% +y°)* = a*(z* — %), y = .

3. Tino, yreopere obepranusiM HaBKoJIO ocl Oz dirypu, 1o odOMexKeHa mnapa-
6 _ 2 . 2 0 . . O 3 o . . .
oyoio ay = a” — x*, a > 0, i Biccto Ox. 3HaiiTi BiIHOIIEHHS TIJIONT MOBEPXHI

IIHOT'O T1JIa JIO TLIOII] TTOBEPXH1 PIBHOBEJMKOI KYJII.
4. 3uaitTn miomnly Tiel yacTHHYU ToBepxHi nuinapa 2 + 2 = awr, dxa Micru-

- 2 2 2 _ 2

ThCs Beepeuni chepu x° + y~ + 2° = a”.

5. Oci jgBOX KPYroBUX IUJIHJPIB 3 OJHAKOBUMHU OCHOBAMH ITE€PETUHAIOTHCS
i mpaMuM KyToMm. OOYHCIUTH TJIONLYy MOBEPXHI Tijla, IO CTAHOBUTH CILJIbHY

YaCcTUHY 000X HUJIHJPIB.
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6. KpuBa y = cosx, = € {— g,g} 00epTaeThCsl HABKOJIO TPSIMOL Y = C,
¢ > 0. Ilpn gxkomy 3HadeHHl ¢ TIOIIA TTOBEPXHI ObepTanHs Oyae HaifMeHITon?
SHaiiTn HalMEeHIIy IJIOILY MOBEPXHI 0bepTaHHSs.

7. Kyb obepTaeThcss HABKOJIO CBO€I jiiaroHaJi. SHANTH MJIONLY MOBEPXHI, SKY

OIKUCYIOTH 1pK 0bepTaHHi BCi pebpa KyOy.

ITpuknanum po3B’sa3yBaHHd BOPaB
1.15. Bizbmenmo 0 < ¢ < 7. Toai 7/(p) = —asin ¢ i 3a Gopmylior obuucen-
Hsl ILJIOII TIOBEPXHI, ITI0 YTBOPIOETHCS NIpK 00epTaHHI KPUBOI, 33[aHOI B IOJISIPHI

CUCTEM] KOOPJWHAT, OTPUMAEMO

™

S = 27r/a(1 + cos @) sin gp\/a2(1 4 cos )2 + a2 sin? pdp =
0

= 2ma® /(1+Cos ©) sin p+/2(1 4 cos p)dp = 4ra’ /(1+Cos ©) sin ¢ cos gdgp =
0 0
= 167m2/cos4 ? sin fdgo = —327ra2/cos4 fd(cos f) =
2 2 2 2
0 0
32ma’ T 32ma?
= _%a cos’ g‘o = ;TCL (kB. 01.). >

2.10. Kpusa cumerpuyna BiJIHOCHO TIOYATKY KOOPJIMHAT Ta BIJIHOCHO KOOP/IU-

HATHUX oceil. [lepeitmoBnm 10 TOAIPHOI CUCTEMU, MATHMEMO
(r%(¢) cos? @ + r*(p) sin? )% = a*(r’(p) cos* ¢ — r*(¢) sin® )

abo 1(p) = ay/cos 2¢p.
3 obJiacTi BusHaUeHHS 1Mi€l (PyHKIT OaUMMO, 110 KPUBA, 3HAXOIUTHCS MiXK Oi-
, , 7 7
cektpucamu I-ro i I1I-ro koopauHaTHUX KYTiB, 00 TN — 1 <@ < 1 +7mn, n € 2.
OjHiero 3 Takux OICEKTPHUC € 3ajaHa npsiMa y = x. ToMmy JI0CTaTHHO OOUUCTUTH
ILJIOIIY IIOBEPXHI, YTBOPEHOI 0OepPTaHHSIM HABKOJIO MIPSAMOl ¢y = T JaCTHHU KPUBOI,

1110 3HaxouThes B [-1#t Ta IV-iit uBepri. st jgyra nmpoekTyerbest Ha Bich obepTaHHs

OJIHO3HAYHO MPU » € (— %;O) i pe (O; %), 60 dyukiis r(p) = a/cos2p y

BKa3aHUX IMPOMIZKKaX € BIIIIOBIIHO 3POCTAIOYUOIO 1 CIIa THOIO.
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CKopuCTaBIINChL CIIBBIIHOIIEHHSIM MIXK JIEKAPTOBUMHU 1 IOJSIDHUMHU KOOD-

JIMHATAMU, IepeiijieMo JI0 IIapaMeTpUIHOro 300parkKeHHs T = a4/COos 2 cos ¢,

Yy = a+/cos 2@ sin ¢. Toji

, asin 2@ . asin 3
T, = ————— COS( — @/ COS2(ppsin p = ———,
7 V/cos2p 4 FRmy V/cos2p

, asin2p a cos 3
= ———— SinY + a\/Cos 20 COS p = —.
Yo \/€os 2 7 L \/€os 2

3a dopmysioro Jijisi 00UUCIeHHS ILJIONI TOBEPXHI 00epTaHHS MaEMO

0
2 2sin*3 25in* 3
5:2.\/—7%(/a\/003290(cos<pSingo)\/a S AR SDalgoJr

COS 2¢ cos 2¢

N

4 2 .2 23 2 2 23
+/a\/008290(cosgpsing0)\/a Sl A s Spdgp) =
0

cos 2¢ cos 2¢

jus

4d7ra?

N

0
= (/(coscp — sin)dy + /(cosgo — sin gp)dgp) =
0
= 2v/2ma? ((singp + cos gp)‘ _+ (sing + cosp)

V2
0
Z)_
T 0

oo ((14 22 = 2) 1+ (L V2 0)) — i (e on). »

_ T T .
6. OcKiJIbKE KpUBa Y = COST, T € [ — —}, 00epPTaETbCsI HABKOJIO HIPSIMOI

272
Yy = ¢, TO 3JICHUMO TapaJieibHe nepeHeceHHs rpadika yHKIIT Ha ¢ OJMHUILD
Bropy. Toii miora mopepxHi obepTaHHsl OTPUMAHOI KpUBOI HABKOJIO IPSIMOL i = ¢

00UHCITIOETHCS 32, (POPMYJIOIO

jus

2

S = 277/(008:3+c)\/1+sin2xda: =

(VB

=27 / coszV 1+ sin® xdx + 271'6/ V1 + sin® zdzx.
-3 -5

OueBujiHO, IO BEJIUUNHA TIOBEPXHI Oy/e HallMEHINOI Y BUIAJIKY, Kou ¢ = 0,

00 obuiBa iIHTErpaJii NPUIAMAIOTL J0JaTHI 3HAUEHHSI.
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Tomi

S =2r / cosxyV/ 1+ sin® zdr = 277/ V14 sin® zd(sinz) =

[SIE
SIE]

[SIE

i 1
— 47T(sm:r: 1+sin?x + §1n’sinx—|— V1 +sin2x’>

2

0

4%(? + % In(1 + \/5)) = 27(vV2 +In(1 +v?2)) (xB. 01.). »

§ 2.8. 3acTocyBaHHSA BU3HAUYEHOTO iHTerpaJa y pi3miri

3 Kypcy disuku BijjoMO, 1m0 craTudHnii MomenT N marepiajibHOT TOUYKKA Ma-
COI0 M BIJIHOCHO JIesIKOI OCl piBHUI JOOYyTKY Macu m Ha Bijcranb d Bij 1€l
oci. Y BHMAJIKy CHCTEMH N MaTepiaJbHUX TOYOK 3 MacaMH My, Mo, ..., My, 110

JlexKaTh B OJIHIH IJIOMIMHI 3 BICCIO BiJIITOBIJIHO Ha Bijcransix di, do, ..., d, BiJ Oci,
n

CTATUIHUN MOMEHT MOKHa BUPa3uTu cymoro M = E myd;. IIpu npoMy BijicTaHi
. /I::1 . .
JIO TOYOK, IO JIEXKATh 110 OJIHY CTOPOHY OCi OepyThcs 13 3HAKOM 4", a 1o iHITy

CTOPOHY — 13 3HAKOM “* —"

Hexait mMacu 30cepe/pKeHi He B OKpEMHX TOUKaX, & 3allOBHIOIOTDL JiHIIO abo
IJIOCKY (Pirypy MOBHICTIO.

3uaiiemo cratuuni Momentu M, Ta M, miocKol Ayru KpuBOi BLAHOCHO KO-
opJInHATHUX oceil. BBaxkaeMo IIpu 1IbOMY KPHUBY OJIHOPiJIHOIO, TOOTO 11 JriHiiiHA
IyCTHHA © € CTAaJoi0 (JIJIs CIPOIIEHHs BBaXKaeMo, 1o ¢ = 1). Bpaxosytoun raxi
HPUIYIIEHHs, Maca, Oy/b-sIKOI JIyI'M BUMIPIOBATUMETbCs 11 JIOBXKUHOIO 1 MOHSITTS
CTATUIHOTO MOMEHTY Ma€ Te€OMEeTPUIHUN 3MICT.

OtKe, B HAIIOMY BUIAJAKY CTATUIHI MOMEHTH OJHOPITHOI JYTH KPUBOI BITHO-

CHO oceii KoopJuHaT Oy/yTh piBHI

L L
M, = /y(l)dl, M, = /x(l)dl,
0 0
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Je [ — mapameTp, 1110 BUSHAYAETHCs JTOBXKUHOIO JIYTU KPUBOI Bl IIOUATKOBOI TOUKH
JIO JIOBLJIbHOI TOYKM Ha Jiy3i, dl — pudepenniaj jJyru KpuBoi, L — JOBXKKUHA BCIEl
JIyTH.

Craruani momentu M, 1 M, nossossaors jerko suaitu nentp saru C(&,n)
nyru kKpuBoi. Touka C' BoJIOJI€ TaKOIO BJIACTUBICTIO, 10 SKINO B HIil 30cepen-
TH BCIO Macy KpPHUBOI, TO CTATUUHUI MOMEHT IIi€l MacHu BIJIHOCHO Oy/Ib-IKOI OCi

CIIBIAaTUME 13 CTATHIHUM MOMEHTOM KPHUBOI BiaHOCHO Ti€l 2k oci. Tobro

L
L¢ = M, - / w()dl,  Ln— M, — / y(1)dl,
0

3B1IICH

" O/L z(l)dl . O/L y()dl

S=17~—1 > "1 -1

Ak kpusa y = f(z), ge f(x) Busnauena Ha Binpisky [a;b], € ojgHOpPiIHOLWO,

TO KOODJIMHATH IEHTPa Mac BU3HAYAIOTHCS 38 (pOpMyIaMu

b b

/:m/1 (@) da /y\/l T (F@))da

{=" ;= .
/ VIt (@) / VIt (F@)da

Ko KpuBa 3a/1aHa MapaMeTpUUIHO, TO (POPMYIIH I 3HAXOIPKEHHST KOOP,I1-

HaT OEHTPa MaC MaTHUMYTb BHUIVIZA

[ eV P [ v/ ar T wapa

t
g: T Y 77:0 T

[ V@R oy [ Viewr T @

to to
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dxmo kpusa r = r(p), ¢ € [a, ], 3amana B moJsApHiil cucTeMi KOODJIUHAT,

TO (POPMYJTH JIJIsT OOUHCIeHHs TIeHTPa Mac Iy KPUBOI 3aIlUIIYThCA Y BU/IL

8 5
/7“(90) cos o/ (r'(0))2+(r())2de /7’(90) sin /(1 ()2 + (r(0))2dep

é = ﬂ Y /)7 = B
[ V@ e [ VO s
Hexaii mo kpuBoJiHiiHIN Tpamerii, mo obMexyeTbest KpuBoo y = f(x),

f(x) > 0, Biccto Ox i npsimumu © = a, x = b, po3uojilieHa Maca i3 CTAI00
I'YCTHHOMO, piBHOIO ojuHUIN. Taky &dirypy d4acTto Ha3uBalOTh 00HOPIOHOM0
MAMEPIAABLHON NAACTIUHONO.

sl cTaTMIHUX MOMEHTIB TaKol IJIACTUHU BIIHOCHO BIIIOBLIHUX KOODIUHA-

THUX OCENX MaTUMEMO:

b b
Mx:%/]&(x)da:, My:/xf(x)da:

[TerTpoM Mac MarepiajbHOI MJI0CKOI (birypu HazuBatoTh Touky C'(£,m) Ta-
Ky, 110 KOJIM Macy (pirypu MOMICTHTU B Hel, TO OTPUMAEMO MaTepiabHy TOUKY,
CTATHIHI MOMEHTH $KOI BijiHOCHO oceit Ox 1 Oy piBHI BIANOBIIHKM CTATHIHAM
MoMeHTaM Iiel pirypu.

OmKe, KOOpJAMHATH IEHTPa MAC MATepiaJbHOI IIJIOCKOI OJHOPIIHOI ILJIaCTHHH

O00YMCITIOITHCs 38 (POPMYyJIaMU

e S — o IaCTHHH.
Ao KpuBoIIiHiiiHa TPartieris 0OMexKeHa 3Bepxy napamMeTpruIHO 3a/1aHOI0 KPH-
oo © = @(t), y = ¥(t), t € [to;T], 3 6okiB — mpsavnvn = = z(ty) = a,

r = z(T) = b, 3au3y — Biccto Ox, TO KOOpJUHATH [EHTpa Mac M€l Tparerl
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O0UINCITIOITHCS 38 (POPMYIaMHU:

[etusma 5 [ e a

§

Y

== T =7
[owea [ a

Ao ojiHOpiiHUIT KPUBOJIHITTHUIT CeKTOp, 3aJlaHuil B 110JIsAPpHIN cucTeMi KO-
opaunar HepiBHOCTIME @ < @ < B, r(p) = 0, e 0 < 8 — a < 27, r(p)
— HellepepBHa Ha BUIPI3KY [; B] dyHKIisl, TO KOOPMHATH I[EHTPA MaC [bOro

CEKTOPa O0UUCIIIOITHCA 38 (POPMYIAMHU:

B B
2/r3(g0) cos ¢ dy 2/r3(gp) sin @ dg
E = 6 ) 77 = B
3/7“2(90)0590 3/7“2(90)6190

ITepwa meopema I'yavdina. Beauvuna noseprii, wo ymeoprocmuves npu
00epMantL KpuBoi HaBKOA0 0CL, W0 He nepemunac ii, piena d0eaxcuns dy2u uiel
KpUB0T, NOMHONCEHIT HA JOBAHCUHY KOAG, U0 ONUCYE UEHMP MAC 3a0aH0T KPUBOT.

Zlpyea meopema I'yavdina. O6’em mira obepmanms niockoi @ieypu mas-
KOAO 0CI, UL0 He nepemunae ii, pieruti dobymxy naouyt yiei dieypu Ha A08HCUHY
KOAG, WO ONUCYE UEHMP Mac Uiei Preypu.

Hexait marepianbpna Touka M mijg jgiero cuam F mepeMiniyeTbes 3 TOUKH @
B TOUKy b 1o oci Ox, mpudyomy cuiia jii€ B Hampsimi, napaJjiejbHomy oci Ox, a
BeJIMUKMHA 11 3aJ€KUTH BIJI TOJIOXKEHHsT TOUKK Ha ocl. PoboTa, BUKOHaHA CTAJIO0
cusioto F' nipu nepemirenni MarepiaibHOT TOUKH Ha BijicTalb s (CHiia jiie B HATPsi-
mi niepeminennst ), gopisuioe A = F'-s. Toui esement poboTu, BAKOHAHOT 3MIHHOIO
CHJIOI0 TIPU TIEePEMIIEHH] 3 TOUYKU & B TOUKY Z + dx jpopiBaioe dA = F(x)dx, a

pobora A 3minnol cuiiu F' Ha BIIPIsKY [a;b] BUBHAUAETHCS IHTErPAJIOM
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Bnopasnu

1. BHaiiTu cTaTUYHI MOMEHTH JIAaHUX OJHOPITHUX MaTEPlaJbHUX JIYT:

1) x = Rcost, y = Rsint, t € [0;7], BIHOCHO KOODJIMHATHUX OCEi,

2) x =acos®t, y = asin’t, t € [0; 7], BIAHOCHO KOOPAMHATHHEX OCEil,

> 0, x € [0;4], BiJIHOCHO KOOPJIMHATHUX OCEil,

=1,a>0,b>0, z€|0;a], BiTHOCHO KOOPIUHATHUX OCEi,

—}, BijtHOCHO oci O,

27

3) y= ;L(ea +e a), x € [0;a], BigHocHO oci O,
Y
4) — + -5 =1, y > 0, Bianocuo oci O,
a b?
5) y? = 4z,
r Y
6) = o+ 2
) a + b o
)y = , T € [— =
) y=cosz, x 55
8) y* = 2px, x € [0; g], BIJIHOCHO IpPAMOI T = —
)

s .
r=2acosp, p & [O; 5} , BITHOCHO KOOPJIMHATHUX OCeil,

10) 7 = ap, ¢ € [0; 7], BIIHOCHO KOODJMHATHUX OCEIi.

2. 3HaliTH KOOPJAUHATHU IEHTPa MAC JIAHUX OJHOPITHUX MaTepiaJbHUX JIyT:

T = aCost,
1) t € [0;7],
Yy = asint,

3)y = g(ez —1—6*%), r € [—a;al,

1 1
5ar=-y*—=1 1;2

) r=a(l+cosy), ¢ € [0'27?]

9) r = ay/cos 2 ,goe[ ’E 4]

r = a(t —sint),
4) t € [0;27],
y = a(l — cost),
6)2r+y—2=0, x>0, y >0,
T
8) r=2acosy, ¢ € [0;5},
10) r = ae?, ¢ € [0;27].

3. 3HaiTH CTATUYIHI MOMEHTH OJTHOPITHIX MaTepiaJbHUX IJIACTUH, 0OMEXKEeHNX

JaHUMHN KPpUBUMMN!

1) x = a(t —sint), y = a(l — cost), t € [0;27],

2
L

_ 2
y_$7

w

)
) Y
4) y
)

y = 0, Bignocuo oci Ox,

2) x+y=1, =0, y =0, BIHOCHO KOODJIUHATHUX OCEIi,
BijtHOCHO Oci O,
= 2pz, y =0, z = 1, BIITHOCHO KOOpJINHATHUX OCeil,

5) CTOpOHaMHM TPUKYTHHKa 3 OCHOBOX G Ta BHCOTORO h BI,D;HOCHO OCHOBMH,
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2 . :
6) y= —T, y=sing, z > 0, BIJIHOCHO KOOPJIMHATHUX OCEii,

7) x =acost, y =bsint, t € [0; g}, x =0, y = 0, BIAHOCHO KOOPIMHATHUX
oceit,

8) % + 4y — 16 = 0, y = 0, BiIHOCHO KOOP/IMHATHUX OCeH,

9) ax = y?, ay = z2, a > 0, BiIHOCHO KOOPIMHATHHX OCeil,

10) r = am, € [ — g; %] , BLJIHOCHO KOODJIMHATHUX OCEil.

4. 3HaiiTi KOOPJIUHATHU IEHTPA MAC OJHOPIIHUX MaTepiaJbHUX ILIACTHH, 0OMe-

KEHNX KpUBHUMU:

D VZ+Vi=Va, x=0, y=0, 2)y=cosz, we [~ Ti5], y=0.
)+ 4yt =4, 2 +yf =4, 2,y >0, 4)r=a(l+ cosy),
x:acos?’t, T
5) r=ap, ¢ € [0;7], 6) [O; —],
y = asin’t, 2
7) 2t + oyt = 2% 492, 8) r=ae?, ¢ € {O;g},
9) (2 +y*)° = 27T2%y%, z,y >0, 10) ' — 2’y +y* =0, z,y > 0.

5. ObuncanTu 00’eM Ta TIOINLY TTOBEPXHI TOPA, yTBOPEHOIO TPHU ObepTaHHI
kpyra (z —a)?+ (y — b)?> < r?: a) naskoso oci Oz, 6) HaskoJso oci Oy.

6. KBajipaT i3 cTOpoHOI0 @ 00epTAETHCsT HABKOJIO MPSMOT, 1110 TTPOXOIUTH Yepe3

: . : T

OJIHY 3 WOI'0 BEPIIUH 1 yTBOPIOE KyT ¢ 3 HOr0 JliaroHaJjIio, IPUIOMYy ¢ € <Z’ 5)
SHaiiTi 06’eM Tijia obepTaHHs 1 IJIOILY HOro MOBEpPXHI.

7. 3HaiiT 00’eM Tija, yTBOPEHOro Ipr 00epTaHHI MIBKPYTa PaJiyca 7 HABKOJIO
JIOTUYIHOI, TTapaJebHol JlaMeTpy.

8. Jlomectu, mo meATp Mac MPaABUIHLHOTO TPUKYTHUKA MICTUTLCA Ha OJTHIN
TpeTiit BUCOTH BIJI 1OTO OCHOBH.

9. 3uaiiTu pobOTY, Ky CJIiJI 3aTPATUTU HA BUKAUYYBAaHHS BOJIM 3 IOCYIMHH, IO
Ma€e (pOpMy KPYroBOI'O MiBIMJIIHJIPA 3aBIOBXKKKA @ Ta PAJIyCcoOM T.

10. MarepiagbHa TOYKa PYXa€ThCA MO MPAMIN MiJ €0 CHJIH, ITPOIOPIIHOT

BiJICTAH] TOUKM BiJl MOYATKY PyXy. BusHauuT pobOTYy €T CUIU IO TTepeMiNeHHIo
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TOYKHU Ha BIJICTaHbL 1OM B MOYATKY PYXY, SKINO Ha BIJACTaHI 3M CHJIa JIOPIBHIOE
1H.

11. BuaiiTu pobory, siky Tpeda BUKOHATH, 100 HACUIIATH KYITy MMCKY KOHIYHOT
dopmu 3 pajiycom ocHoBu 1 1 Bucoroi h. IluroMmy Bary micky BBakaTu PiBHOIO
y.

12. 3naiitu poboty, sIKy Tpeda BUKOHATH, 100 BUJIUTH BOJY 3 pe3epByapa,
sdKuii Mae GpopMy KoHyca pajiiyca 7 i Bucorow h. BepiinHa KoHyca po3MilleHa
BIOPI.

13. 3uaiiti podboTy, sIKy Tpeba BUKOHATH, I[00 BUKAYATH BOY 3 Ka3aHa, sIKMi
Mmae hopmy napabosioina odbepTaHHs 3 PaJiiycoM OCHOBU T 1 BUCOTOIO h.

14. EnexTtpuunuit 3apan ¢, BMIIMIEHUNA Y TOYATKy KOOPJWHAT, BIIIITOBXYE
sapsaj ¢o 13 Touku (a;0) B Touky (b;0). SHaiiTu pobOTY CHIM BiIITOBXYBAHHS
F.

15. Bojonposinna tpyba mae giamerp 6cm. OjuH Kidenb 11 3’eqnanuii i3 6a-
KOM, B sikoMy piBeHb Boju Ha 100cMm Buiuit 3a BepxHiii Kpail TpyOu, a japyruii
BaKPUTHI 3aCJIHKOIO. SHAWTHU MOBHUI TUCK BOJIM HA 3aCJIHKY.

16. 3uaiiTi THCK Ha MIBKPYT pajiyca r, 3aHypPeHuil y piiInHy Tak, 1110 JiaMeTp
JIEXKUTH Ha 1oBepxHi pijmuu. [Turoma Bara pijiuHu piBHa, 7.

17. OxnopigHe Tijio y ¢GopMi IpsIMOro KPyroBOr'o IMJIHJpPa 3 BUCOTOIO h i
pajiycoMm ocHOBH [ 00epTaeThCsi HABKOJIO CBOET OCI 13 €TaJI0I0 KyTOBOIO ITBHIKI-
CTIO W. SHAWTH KIHETUYHY €HEPriio Tiia, SKINO I'yCTUHA MaTepiasly, 3 s5KOrO BOHO
BUT'OTOBJIEHE, JIOPIBHIOE Q.

18. 3 skoio cuoro ogHopigauit crepxkedb 0 < o < [ 3 JHIAHOIO I'YyCTHHOIO 0
npuTsrye Marepianbuy Touky P(a), a > [, macoo m?

19. 3a stkmii ac BoJia BUTEUE 3 KOHIUHOT JIi#iKu, BucoTa sikol H = 50cm, pajiyc
BepxHbOT ocHOBU R = Hewm 1 pajiiyc HuKHBOT ocHoBU 1 = (0, 2¢M.

20. Y jgHi TUAIHAPUYIHOI TOCYAUHA 3 TIJIOMIEI0 OCHOBH 100cm? i BucoToro 30cM
e orBip. OOYMCINTH TIIONLY 1IHOIO OTBOPY, SIKIO BIJIOMO, IO BOJA 3 TOCYINHN

BUJIMBAETHLCS 32 2XB.
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IIpuknaau po3B’ss3yBaHHsS BIOPaB

2.7. OcklJIbKHU Jiyra KpHUBOI € OJHOpPIJIHOI0, TO BBakaemo, mo o = 1. Tojl

JIOBXKUHA, a 0TKe, 1 Maca 3a/laH0l KPUBOI BU3HATAETHCI HACTYITHUM YUHOM:

2w 21
= / \/a2(1 + cos )2 + a2 sin® pdp = a/ V2(1 + cos )dp =
0 0

2 T 2T
:2a/’cos§‘dcp:2a</cos§dgp—/cos§dgp> =
0 0 ™
T 2
:2a<281n£ —QSinf ):8a.
210 2l

BpaxyBapiu, 110

= a(1 + cos @) cos ¢, y = a(1l + cos p) sin i,

OTPHMAEMO
27 27
M, = a® /(1+Cos ) sin p\/2(1 + cos p)dp = 2a /(1+cos @) sin | COS§| dp =
0 0
2 s 2m
= 8a* /cos?’gsin% cosg\ dp = 8a2(/cos4§singdg0 — /(3084%811’1%6&0) =
0 0 s
T 27
= 16a2(— /cos4£d<cosf) +/cos4£d(cos£>) =
2 2 2 2
0 m
cos® £ |7 cos® £2r
— 1602 — —2 Z") —o.
¢ 5 "5 s
2
M, = a® /(1 + cos ) cos p/2(1 + cos p)dp =
0
27 27
= 4a2/cos2§cosgp|cosg|d<p: 4&2/<COSQ§ 20082§SD2 S0)|cos | dp =

3P ) ( 3 ¥ 3P ) )
—2 —2
/ cos® cos® 5 Sin” 5 dp — / cos” 5 cos® 5 Sin” 5 dy
0
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T 2T
— 842 (/(2 sin? g—?) sin? §+1>d<sin g) —/(2 sin? §—3 sin? §+1)d(sin g)) _
0 T
2sin® £ m 2sin® £ 2 32
:8a2<< 5 Q—Sin3§+sin§)0—( 5 2 smgg—i—smg)W) 5a2.
Toi
e M, _Fat_4 o M0
L Sa 5 L Sa '

Orxe, C <g a; O> — IEHTP Mac 3aJIaHol OJHOPIIHOI MaTepiaJbHOl KpUBoi. B
4.2. 3HaiigeMo crno4aTKy ILIONLY OJHOPIAHOI IIJIOCKOI (DIrypHu, BBaXKaroun

o=1. Toni

s

cosxdr =sinz iﬂ = 2 (KB. 0/1.).
T2

S =

|
mm\wm

CrarudHl MOMEHTH ILJIOCKOT (PIrypH BIJITHOCHO OCEl KOOPJMHAT OOIUCIIOEMO 34,

dopmynamu:

us

1 1
M, = —/COSQxd:rz:—
2 2

[SIE]

1 n2x\ |2
(1+0082x)dx=§<x+sm x)’ =

o\
NE

N

jus

M, = /:ccos;r:d:v:().

Toumi

Orxe, C(O; g) — IIEHTp Mac 3aJaHol IJI0CcKoI dpirypu. »

5. s obuucienns 06’emMy Ta IO MOBEPXHI TOpa, 110 YTBOPIOETHCS TTPU
obepranni kosa (z—a)?+ (y—b)? = r? naskoso oceit Ox Ta Oy, CKOPUCTAEMOCDH
HaBEJICHUME TeopeMaMu ['yiibiiHa.

Ientp mac xona (z — a)? + (y — b)? = r? i kpyra (z — a)? + (y — b)?
MicTuThest B Tourl (a;b). Aximo koo obepraeThest HABKOJIO oci O, TO TEHTD Mac

OIIACY€ KOJIO pajiiyca b, SKIO KO0 06epTaeThes HaBKoyo oci Oy, TO MeHTp Mac
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OIKCY€E KOJIO pajiyca a. JJoBXKWHM BIATIOBIIHUX YTBOPEHUX KiJl Oy1yTh piBHI 27h
1 2ma.

Hosxuna kona (x — a)? + (y — b)? = r? Gyne pisna 27r, a 1jola Kpyra
(z —a)®+ (y — b)*> < r? — pina mr2.

Toji 3a nepinoro Teopemoro 'yiib iiHa MJIOIA TTOBEPXHI TOPa, 1110 YTBOPIOETHCS
npu obepranni kona (z — a)? + (y — b)* = r? maskoso oci Oz, pisna 27b- 271 =
47c%br, naskodio oci Oy — 4m2ar.

3a apyroio reopeMoio ['yibjina 06’em TOpa, IO yTBOPIOETHCs P 00epTaHH]
kpyra (z — a)® + (y — b)*> < r? naskono oci Oz, pipnuit 27b - 7r? = 2722,
naskoso oci Oy — 2m2ra.  »

18. Bigmosigno o 3akony HbioTona minsnka crepyxus [x;, xi1], 1 = 0,n — 1,

3 Macoio pAx;, Ax; = x;y1 — T;, IPATIATYE MaTepiaJbHy TOUKYy P 13 cujow

AF, = _pMOAT:
(a — ¢;)?

¢; € [x;x541]. Tomi mykana cura F' BusHawaeThest 3 HhopMysn

ne k — koedimient npornopiiiinocti (rpasitaniiina crasa),

n—1
F= lim AF;,
maansl—>O
1=0
TOOTO
l
I / dx kmo |l  kmop kmp kmol

= — KM _— = e — = —_——
¢ (a —x)? a—xlo a a—1 a(a —1)

0

InguBigyasbHI 3aBgaHHs 10 po3miay 11

1. 3muaiiTn Bu3HAYEHUH 1HTErpPasI, KOPpUCTYIO4InuCh Gpopmytoio Heiorona-Jleiibnina:

2

d
(e“—l)%’”dx, 3)/ v ,

zlnzx

sin® z du, 2)

1)

o\w
O\H

cos® z dz,

6)

/ﬁ o
e

9 4% de
x2+4x+5 :c2—|—4x—|— ) € ar,

| o o
»—\\H \Mﬂ
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10) [ 372 da,

S —

13) [ Vo + 3dx,

16) [ ctg3zdx,

19)

2?2 dx
22 —_
) [ S

-1
-2

dz
%) [ i —ap

-3
e

28) /Mdl‘,

sin 3x dx,

\:\\ m\:\\ H\
e ol )

T
1

6
11) /\/x —2dx,
2

3
14) /
x
0 Ve
1 3 g
23 dx
17
)/:t:s—l—l’
0
2
[ sinl
20)/ o dz,
i
23) /e3$+4dx,

dz
" [

_KQ

4
12) / Slil/f dz,
22
36

2
3 221 1
15) / ey al

) [

cos® z dz,

V2 — 3xdx.

N
30) /0

2. 3HaiiTi BU3HAUYEHU IHTErpaJ METOJIOM 3aMiHU 3MIHHOI:

2
1) /\/4—x2d:17,
0

[Slfe

R x?dx 7
) V25 — a2
-
7 - dr

o e

+ x2
— du,
x

+ 22
T du,
x

o 5

2

dx
w32 — 1
1

V6
] V6 — 22
9) BEToRe dz,
NG

16)

2

2)0/\/%73&2)3,
) [

3

) 22 dx
0 Vo=t
6
11) dx

2222 — 9’
3
1

14) / V(1 = 22)3 dz,

01
17 / dx
) ) V10 — 22’

2
20) /x\/4 + 2% dx,
0

V3
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2
2 _
22) /—xxl dx

1

22 dx
25) _,
. V1+ 22
1
3
2
d
28) z* dx

V1—a2?
0

3
23) /\/9—:62611’,
0
2
26) /\/x2 — 1dxz,
1

V3
9) /175\/ 1+ 22 dx,
0

3. O6umucaUTH BU3HAYEHI IHTETIPAJIH:

e’+1

1)/

e+1

4)/1+1nxdx7

T
1

1+ In(1l+x)
r—1

dx,

2

3

X
—d
7)/m2+4 x,

0
1
zdx

13) /8;5— arctg 2x d.

10)

1+ 422

tg(z +1)
cos?(x + 1)

)

(sinz + cosx)?

xr — arctgt

14 22 dz,

0
0

_/1

f

V3

%

22)/ s.ina:—cosx iz,

0

V3

0/

f

V2

/:c:v2

f

/ darctgxr — o
dzx,
1+ 22

0
/x +1nx

/ 2cosx + 3sinx
2sinz — 3cosx)?
0

14)

tg x In cos x dzx,

T + arctgx

——dx,
1+ a2

3+

26
) zt+1

O\H O\é

sin 1
5 9) arcsin®z + 1

dx,
vz —1
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5
2 2
24) / VI
x

5

27) / Va2 + 25dx,

0

1
V1 — 2

o

1
2
1
Dl ,
(23 + 3z + 1)
0
/ d
0 [
zvr? —1
V2
27
) T+ cosx dr.,
2 4+ 2sinx

1
23 dx
dl’, 12) /mdl’,
0

e
18)/(arccosx)3 lda:,
1 —a?
0
V38

24) /Sinxfa:cosx dr.
(xsinx)?
1

1
x3dx
27
)/IQ—i-l’
0
; d
xdx
30
)/ Jr —1
2

4. 3naiiTu BU3HAYEHUIT IHTErPa/ METOJOM IHTErPYBAHHS YaCTUHAMU:
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x* —51+6) cos 2 dx,

1)
4)

(2% + 5z) sin 2z d,

7) [ (z +2)*cos 3z du,

L\oo\»\a i’%o

10) [ z1n®zdx,

13) [(92*+92+11) cos 3z dx,

T e T T

16) [ (z+1)In*(z + 1) du,

3

19) [ (22* — 15) cos 3w dx,

22) [ (z+1)%In*(z +1)da,
25) [(x*+2z+1)sin 3z dz,

28) | x%e** du,

S S O O — O~

2) [(z®+6x+9)sin 2z d,

5)

(z® + 4z + 3) cos v dx,

8) [ (3z — x%)sin 2z du,

R — S~ b~ o

11) [(22°+4x+7) cos 2z dx,

==

In? z dx
3

Y

14) -

SDH\_,OOO

17) [ (32® + 5) cos 2z dx,

20) [ (x4 2)*In*(x + 2) du,

E— ot —,

2

23) [ (1 — 82%) cos 4x dx,

2% —3z+2) sin z du,

= L\Ho\
&1\3
)
vl

5. O0YHCIUTH BU3HAYEHUH IHTEIPaI:

2 arctg 2

[

4)

dz
sin?z(1 — cos )’

cosz dx

\o o

(14 cosx — sinx)?’

[NIE]

us

n |

2 arctg %
us

cosx dx
(1 —cosx)3’

sin x dx

) [ G

0

0

2 |

_ 27
3

2arctg 2

5)/

us
2

cosz dx

1+cosz —sinz’

dx
sin?z(1 + cosz)’

2arctg %

8)/

0

1—sinzx

d
cosz(1 + cos ) “

2arctg 3

1) /

2 arctg 2

dx
cosx(l —cosx)’

129

3) [ (2* —4) cos 3z du,

6) [ (1 —52?)sinxzdz,

— o T —

9) [ (2* + Tz + 12) cos z dx,

—4
62

12) /
1

15)

In? z dx

Jz

82° +16x+17) cos 4xdz,

18) [ (z —1)*In*(z — 1) du,

M — T T

o
3

21) [ (3 — 72%) cos 2 dx,

o\

e

24) | VrIn®zde,

27)

(2% — 3z) sin 27 dx,

30) [ (2% 4+ 2)e? dx.

l‘\"\oo\wH\

Jus
2

3)/

0

cosz dx
2+ cosx’

(NE]

cosz dx

6
) /(1+cosx+sinx)2’
0

9) /
0
sin x dx

12
) / (1+ cosz + sinz)?’
0

NE

cosT —sinx
——dx
(14 sinx)?

jus
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2 arctg %

13) / - -

1 —sinz)’
2arctg%

14)

cos? x dx

1 1
6) / (1+ cosz —sinx)?’ )

1 .

19) / )
1+sinx +coszx

0

2arctg 2

dz
22 23
) / sinz(l+sinz)’ )
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Wl

sin x dx

(1+ cosz — sinx)?’

cosz dx

_— 18
544cosx’ )

dz
15
) / (1+sinz — cosx)?’

2arctg %

sin? z dx

(1+ cosx + sinz)?’

. O Y—
vl

us
2

s

1
25) / TOST  4p 96)
1+ cosz+sinz

cos? x dx / cos x dx
(1+ cosz + sinz)?’ 1+sinz —cosx’
sin x dx / sin x dx
14 cosz +sinx’ 2+sinz’
0

o\ o\ o\ o\ o o\ I
) INTE B w‘ﬁ STERME] o

2arctg 1 3
| dx ’ 27) / 1+ s‘ina: dr.
(1 +sinz + cosx)? (1 —sinx)?
0 0
I 3
28)/ dx | 29) c.osxdx , 30)/ smxc.lx .
cosz(1 + cosx) 1 +sinz + cosx 5+ 3sinx
0 0
6. ObumMcIUTH BU3HAYEHI iHTerpaIn
arctg 3 T
d 7T+3t
(3tgz + 5)sin2x (sinz + 2 cos z)?
™ 0
! ™ arcsin ——
[ 2ctgr 1 " otgr s
x
3) / —oet dz, 4) / 8T T
(2sinx + cos x)? (5 — tgz)sin 2z
arccos \/% arcsin WV
arccos % 3 2 0 3 ) 50
t t —
5) / — ot dx, 6) / 28 T oY x,
2sin“x + 3cos?x — 1 2tgx + 7
0 — arccos \/%
arctg 3 T
4tgxr — 5 ot 2
/ - 5% dx, 8) /L—'— dx,
1 —sin 2z + cos? x 2sin2x + 5
™ 0
arctg% arcsin %

/ 8+tgw

— 5 dx
18sin“ x + 2 cos?
0

2
arccos \/;

24+ tgx
11) — x,
sin“x +2cos?xz — 3
0
; 6t
13) / 8T
3sin 2z + 5cos? x
arccos\/%

dtgxr — 5
10 d
) / 4cos?x —sin2x + 1 o

4
i 7
arcsin \/g

12) /

0

14) /0

1
— arccos —=
V5

6sin’ x
— dx
4 4+ 3 cos2x

11 - 3tgx

d
tgxr +3 ©
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jus

15) /42tg2x—11tg:1:—22d
4—tgx

xz,

0
0

17) /

— arctg %

3tgr +1
2sin2x — bcos2x +1

arctg 3
14 ctgx

19 d
) / (sinx + 2 cos x)? “

t
21) / 87 d,
sin“x — b5cos?x + 4

s
4

a3

6sin’ x

23 ——d
)/3(:08295—4 o
0

arctg 3

44+ tgx
2sin® x + 18 cos?

25)

o\

arctg 2

12+t
27)/ .2+gx

3sin“z + 12 cos? z

arctg 3

/ 6+ tgx

. 2 2 dw?
9sin“x +4cos?x — 7
0

7. O6YKMCIUTH BU3HAYEH] iHTErPaJIN:

z,

i 4y/1—x—+/32+1
D /(\/3x+1+4\/1—x)(3x+1)2

64
1— 8 9.3
3)/ /T \3/5 i,
x4+ 2Vad 4+ Vat

6vx +2
5)/(x+m%@¢ﬁd“

ol

[6—x dx
5+zc
/ (1+2)v/25 — 22’

2tgx —
16) / ( R _5 5 dz,

4cosx — sinx)

36
18 d
) (6 — tgx) sin 2x “

%
20) / 4-Ttgw dz,
0

e

2+ 3tgx
2—tgx
22 d
) / (3cosx +sinx)? “
7arcsin%
arcsin 4/ 2
’ 8tgx
24) / 5T de,
3cos?2x + 8sin“x — 7
aI'C(ZIOS\/%—G
12
26) / ——duz,
(6 +5tgx)sin2x
arccosﬁ
tg?a
28 —d
) / 4+ 3cos2x o
Oa.I'CCOSL
"3te2y — 1
w [ e
tgfx +5

4y/2—x—+/31+2
(V3r+2+4v2—1)(3x+2)?

/ / dx
2—|—x Vi — 22’

/ dx
x_
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2
19) x+\/3a:—2—10d$
V3r—2+47 ’

4 —x
x—13dx

A/2—x—/22+2

dx

W)Ze4ﬂu+m%ﬂ6—ﬂ’
%)/(w¢51_

T+ 3)%/x 4,

8. ObumMcIUTH BU3HAYEH] iHTerpaIn

1) /sin8 xdz,

sin® z cos* x dx,

sin? = cos® = d$,

0
Z
T2
2m
0
2w

10) /sin xdz,

0

/
23)!}v§x+2+4¢2_xx2x+2y
/

2) /sin6 L o2 Z dx,
2 2
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1

[ VTt
2 | Gt

"5 -
— X
14
X/Vx—1§m
9
1
1@(/ 4/1—2—+/22+1 iz,
(V2x+1+4v1—x)(2z+1)?
0

64 24 o
18)1/(W+2%+\/5)ﬁdx’
L

20) xz\/a:T

/ [5== dx
+e dx,
(6 + x)v36 — 22

s 6 it T
) Vs — 7x—6\/_

1
WT—7—VaFl
%)/k¢x+1+4ﬁl—xﬂx+1yd%

dx

\/3+x
/ (3+ ) NG

42 —x —x +2
mn!k¢x+2+4¢2—@@+aydﬂ

U“@

™
62 cos® z dz,

3) [ sin

\:‘NO

sin? x cos* z dz,
/ cos® z du, 9) cossgdx,
0
11) /singxda:, 12) /smGE cos Zda:
0

Wl
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13) / sin®zcos? v dr,  14) / sin* g cos* = da: 15) / sin* 2 cos* z du,
x 0 0
0 2 ™
16) / sinxcos® xdr, 17) / sinzcos® v dr,  18) / cos® x dz,
_g 0 z
19) /C088 % dx, 20) /sin8 xdz, 21) /sin8 % dx,
0 0 0
2T 0 T
22) /Sin4 L cost Z dx, 23) /Sin vcos’wdr, 24) /sin2 % cos’ g dx,
0 -7 0
™ 2m ™
25) / sin® g dx, 26) / sin®zcos® v dr,  27) / sin® z cos® z du,
0 0 0
0 27 27
28) / cos® x du, 29) / cos® x dz, 30) /sin4 3x cos’ 3x dz.
- 0 0

INE]

9. O6umcauTH wiolli (iryp, mo obMexkeHi rpadikamu GyHKIIi:

Dy=(z-2)?° y=42-38
3)y:4—x2, y:x2_2x7
S)y=vd—a2 y=0, =0 z=1,
7) y = cosxsin’z, y =0, 0<x<g,
9) ! 1 3
= T = 4, r=ec,
Y rvV1+Inx
My=@+1)? yP=x+1
13)y=a2v36—22, y=0, 0<z<6,
15) y = zvarctgz, y=0, z= V3,
1M z=ver—1, =0, y=1In2

x
19) y = =0 =1
)y AN AU
21) x = (y — 2)?, x =4y -8,

x
23) y = =0 =1
)y @i Y70 Tl

1
20) 1 = ——— =0 =1
)x m Y y 9
27) y=2°V16 — 22, y =0, 0<z<4,

2 y=av9—22, y=0 0<xz<3,
4) y =sinzcos’x, y=0, 0\$<g,
6)y:x2\/m, y=0 0<z<2,
8) y=+ver—1, = 0<z <2,
10) y = arccosz, y=0, x=0,

12) y=22—2°+3, y=2°—4z+3,

133

)
14) x = arccosy, y=0, x=0,
16) y =2>vV8—a2, y=0, 0<z<2V2,
18) y=avd—2a2, y=0 0<z<2,

1 s T
0)Yy=1rss V=0 =3 T=-73
22) y = cos’ wsin2x, y =0, 0<$<g,
24) x =4 -1 =y -2y,

1
26)y:2—;, y=0, z=2 x-=1
) x=+4—y?, =0, y=0, y=1,
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29)y=(z—1)? ¢y =z-1,
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30) y = x*cosz, y=0, 0<x<

10. O6umcauTn mwioIli (iryp, oOMe:KeHuX 3aJaHUMHU JIHISIMU:

x = 4v/2cos’ t,
1) | y=2V2sin’t,
r=2, (x > 2),
x:\/ﬁcost,
3) |y =2v2sint,
y=2 (y=2),
x = 4(t — sint),
5) y:4(1—cost),
y=4, (0<z<8m, y=

x = 16 cos® t,

y = 2sin’t,
xr = / 7
x = 2cost,
y = 6sint,
T = 2(t —sint),
11) y =2(1 — cost),

y=3, 0<z<dm, y=>
x = 16 cos®t,
13) y = sin®t,
r = 63, (:c>6\/§),
r = 6cost,

15) y = 2sint,

y:\/g, (y>\/§)7

= 3(t —sint),
17) = 3(1 — cost),

y =3, (O<x<67r, Y
z = 8v/2cos’ t,
y = v/2sin’t,

r=4, (x >4),

19)

> 1),

> 3),

x = 32cos® t,
2) y = sin®t,
r=4, (x > 4),
T = 3cost,
4) | y = 8sint,
y=4, (y=4),
x = 6(t — sint),
6) y = 6(1 — cost),
y==6, (0<z<12m, y > 06),
r = 8cos’t,
8) y = 4sin®t,
r =33, (r>3V3),
x = 6cost,
10) y = 4dsint,
y=2V3, (y>2V3),
r = 10(t — sint),
12) y = 10(1 — cost),

0<z<20m, y=

y= 15),
{x = 2\/§cos t,

45111 t,

T = 7

\/_cost
V2sint,

y=4, (y =24),
r =1 —sint,

18) y=1— cost,
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T = 2\/§cost,
21) | y = 3v2sint,
y=3, (y=3),

x = 6(t — sint),

23) y = 6(1 — cost),

y=9, 0O<z<12m y=>

r = 24cos’ t,
25) y = 2sin®t,
=93, (x> 9V3),
r = 3cost,
27) y = 8sint,
y=4V3, (y >4V3),
x = 2(t —sint),

29) y =2(1 — cost),

y=2, (0<z<dm y=>

9)

2),

r = 9cost,
22) y = 4sint,

y=2 (y=2),

x = 8(t — sint),
24) y = 8(1 — cost),

Yy = (0 <z < 167w, y > 12),
x—2\/§cost
y—5\/_smt
y=5, (y=25),

:L’:4(t—sint),
28) y = 4(1 — cost),
y=06, (0<z<8m y=6),

30)

T =123, (x >

xr = 32cos’ t,

y = 3sin’t,

12v/3).
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11. O6umcuTH 1iIoIM (biryp, oOMe:KeHuX JiHiIMH, 10 33JaHi B MOJSIPHUX KOOPIUHATAX:

1) r=4cos3p, r=2, (r >2),

3)r=
5) r=2cosp, T =2v3sinp, <0<gp<
7) r = 65sin 3p,
9) r = cosp, 1= V2cos (go—

11) r =6cos3p, =3, (r >

\/§cos3g0, r = sin g, (O Y <

r=3, (r=3),

13) r = cos, T = sin g, (0 0 <

15) r = sin ¢, rzﬁcos(gp—%) (
1

17)7":§—|—Cosg0,
5 . 3

19) r = 5 sing, r=5 sin ¢,

21) r = 4 cos 4y,
23) r =2cos g, 7= 3cosp,

25) r = 2sin 4y,

2) r = cos2¢p,
4) r =4sin3p, r =2, (r > 2),
6) r = sin 3¢,
8) r = cos 3,

10) r =14 v2cos g,
1 L

— +sin

2 ()07

14) r = cosp, 1 = 2cos p,

12) r

16) r =sinp, r = 2sinp,

18) r = 14 v2sin g,

> cos = > cos
— T“ P —
9 s 9 ¥

20) r =
22) r = sin 6y,
24) r = cosp + sin @,

26) r = 2 cos 6y,
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27) r = cos — sin g,

29) r = 2sinp, r = 4sinp,

12. O0YUCIUTH JIOBXKUHU YT KPUBHX,

OpJIUHAT:
1) y=1Inz, \/§<x<\/ﬁ,

3) y = V1 — 22 4 arcsin z, ngég,
5) y = —Incosz, Oga:g%,
TVy=In(2*>-1), 2<x<3,
9)y:m+arccosx, nggg,
11)y=2+chz, 0<z<],

13) y=e* 413, Inv15 <z < Inv24,
15)y=2—¢*, Inv3<z<InVg,
17) y =1 — Insinz, —<x\g,
19)y=1—-In(z*-1), 3<x<4,
21) y = lnsinz, gg:cég,

23) y=3+4chz, 0<x<1,

25) y =Incosz + 2, O<x<%,
27)y:#+3, 0<z <2,
29)y:w, 0<z<2,

PO3JIJI 1. Busnauenud thwmeezpas

28) r = 3sinp, r = Hsinp,

30) r = 6sing, r = 4sin .

3aJaHUX PIBHAHHAMHU B MPAMOKYTHIN cUCTeMi KO-

@yzg—kg, <r<2,

4)y=1n%, V3 <z < VB,

6) y=e"+6, Inv8<ax<InVis,

8) y = 2+ arcsin /z + Vz — 22, igxél,
10) y = In(1 — 2?), 0<x<i,

12) y=1—Incosz, nggg,
14)y:—arccos\/5+m, Oéxgi,
16) y = arcsin vz — V1 — 22, 0<x<12,
18) y = Vx — 22 — arccos /x + 5, % r <1,
20) y = —arccosz + V1 —22+1, 0<z< %
22) y=In7T—Inz, V3<z<VE,

24) y = 1 + arcsine — V1 — 22, 0<x<§1,
26) y = 26 + €%, Inv8 <z <lnv24,

928) y = arccos /x — vV — 22 + 4, ngéi,
30) y=¢€"+e, Inv3 <z < InV1s.

13. OGuunc/uTn AOBKWHE [IyT KPUBUX, 33JaHAX MapPaMETPUIHIMHA PIBHSIHHSIMU:

x = 5(t —sint),
1) 0<t<
y =5(1 — cost),
x = 4(cost + tsint),
y = 4(sint — t cost),
x = 10cos’ t,

y = 10sin®¢,

xr = 3(2cost — cos 2t),
2) 0<t<2m,
y = 3(2sint — sin 2t),
x = (t? — 2)sint + 2t cost,
4) ( ) t <,
y = (2 —t%) cost + 2tsint,
x = e'(cost + sint),
6) t <,

y = e'(cost —sint),
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= 3(t — sint),
7) T <t <2,
y = 3(1 — cost),
0) x = 3(cost +tsint), LT
y = 3(sint — tcost), DK
= 6cos®t,

1) t< o,
y:6sm3t, 3
x=2(t—sint), 7«

2 Y

13) ¢ g St<m
y = 5(1 —cost),

15) x = 6(cost +sint), V<<

N \ﬂ-;
y = 6(sint — t cost),
T = 8cos’t,
17) <=,
y = 8sin’t, 6

19) x = 4(t — sint), 7r<t<27r
y = 4(1 — cost), 2 - 3

1) xr = 8(cost + tsint), LT
y = 8(sint — t cost), s
r =4cos’t,

23) Tgi<l,

y = 4sin’t, 6 4

%) x = 2(t — sint), i
y =2(1 — cost), S

27) x = 2(cost + tsint), LT
y = 2(sint — t cost), 2
T = 2cos’t,

29) 0<t <,

y = 2sin’t, 4
14.
3¢ N m
1 =3e* __< <_7
Jr=3et, —o<p<y
) 7= V2¢¥, —gggogg,
5)70:66127@7 _g<¢<g7
7)7”:46%, 0<¢<g7
9)7‘:5651% Oggogg,
s 0
)r=1- -5 S¢S —7,
) oS ©, 5 S 5

10)

12)

14)

16)

18)

20)

22)

24)

26)

28)

30)

2) r =27, —g<<ﬁ<g,
r=self, —Z<p<3,
6)7’:3@%, ngég,
8) r = v2¢*, ogwgg,
10) 7’:1261?;, 0< o< g,
12) r =2(1 —cosp), —m <

1

cost — 5 cos 2t,

1
Lt tang S

= 5 8int — 7 sin 2t,

r = (t* — 2)sint + 2t cost,

y = (2 —t*)cost + 2tsint,

x =e'(cost +sint), 7

¢ : 2

y = e'(cost —sint),

x = I(2cost — cos2t),

y = 1(2sint — sin 2t),

(t* — 2)sint + 2t cost,

x = e'(cost + sint),

(2 — t?) cost + 2t sint,

y = e'(cost — sint),

x = 2(2cost — cos2t),

y = 2(2sint — sin 2t),

r = (t* — 2)sint + 2t cost,

y = (2 —t*)cost + 2tsint,

x = e'(cost + sint),

y = e'(cost — sint),

x = 4(2cost — cos2t),

y = 4(2sint — sin 2t),

r = (t* — 2)sint + 2t cost,

y = (2 —t*)cost + 2tsint,

x =e'(cost +sint), 7
<t

y = e'(cost —sint), O

©
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0<t < 3m,

<

N

N[N

NE

OO6uucaIuTU TOBXKUHU JYyT KPUBHUX, 3aJaHUX B MOJSIPHIiM cuCcTeMi KOOPJIUHAT:



138 PO3JLI 1. Busnavenudi inmeepan
13) 7 = 3(1 +sin ), —%<<p<07 14) r = 4(1 — sinp), 0<<P<%a
15) 7 = 5(1 — cos ), —%é(pgo, 16) r = 6(1 + sin ), —g<<ﬁ<07
2
17) r = 7(1 — sin ), —%<s0<%, 18) r = 8(1 — cos ), —§<90<07
3 4
19)r =20, 0<p< 20)r =2, 0<p<—,
5) 12
21) r = 2¢, 0<s0<£, 22) r = 2, 0<90<?7T,
3 4
23) r =4y, 0<so<f, 24) r = 4o, 0<w<§a
12
25) r = 5, OggpgTﬂ-’ 26) r = 2cos p, Oé@é%
27) r = 8cos p, nggg 28) r =6 cos, Ogﬁpgg
29) r = 2sing, 0<90<%, 30) r = 8sin g, 0<90<%-
15. O6uucauTu 06’eMu TijI, 0OMEKEHIX TOBEPXHSIMU:
22
)5 +yt=1 =y z=0 (y>0), 2) z=2"+4y%, 2=2,
1‘2 yg .TZ y2 Z2
3)—+——22:1, z=0, z=3, ) =+ ——==-1, =12,
32 y42 I 9 4 36
5)§+§+Z:17 Z:17 ZZO; 6).T2+y2:, =Y, ZZO? (y>o>7
2
7) z =2+ 9y, z=3, 8)%4—3;2—22:, 2=0, z=23,
22 y2 52 2 y2 2
)92+92 7 )6ty gl 272 =50
11)%_'_%:17 Z:y\/§7 2207 (y>0)7 12)Z:2£L‘2—|—8y2, 2247
2 2 2 2 2
13)§—1+Z—5—z2=1, 2=0, 2=2, 14)%+%—§—6=—1, z =12,
2 2 2 2 2
15)%+%+§—6:1, z2=3, z2=0, 16)%+?{—6:1,z—y\/§,z—0, (y = 0),
_ .2 2 _ 2ty 2 _ _ _
17) z=2"+ by, z=25, 18)5—1-1—2—1, 2=0, z=4,
2 2 2 2 2 2
19) 45— o =1 2=, 0) =+ S+ =1 2=4 2=0,
2 2
21);:—+?2J_5:17 Z:%’ =0, (y=0), 22)z=42"+9° 2z=6,
2 2 2
Yy 2 <
23) 22+ L — 22 =1, z2=0, z=3, 24) — 4+ — =1, z=20,
4 25 100
o A A 5 0 26) L 4y =1 Y 0, (y=0)
R _— _ = — Zz = —_— — Z = —= Z = = 3
169 100 ’ ’ T T Y
97) 5 — 942 2 _ oy 2 _ _ _
)z =2x"+18y°, =z =06, 28)%—1-5—2—1, 2=0, z=2,
22 y2 52 72 y2 2
29) —4+=———=-1 =16 0) =+=—+—=1 =6 =0.
)6ty @ 26 Jtotm—b =76 =
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16. O6uucauTu 06’eMH TijI, YTBOpeHHX obepTaHHAM (iryp, gKi oOMexkeHi rpadikamMu 3a-
nanux ¢yukii. Y Bapiantax 1-15 Bick obepranus — Ox, y Bapiantax 16-30 Bich obepramus —

Oy.

) y=—2"+5c—6, y=0, 2) 20 —2?—y=0, 2°—do+y=0,

3) y=3sinz, y=sinz, 0<zx<7w, 4)y=>5cosx, y=cosz, =0, x>0,

5) y = sin’ x, z= g, 6)r=vy—2 z=1 y=1,
Ny=zxe", y=0, x=1, ) y=22—2°, y=-x+2, x=0,
9 y=20—2° y=-x+2 10)y=e"" y=02=0 =1,

15) y=2a° y=+/x, 16 y:sinl;, y =22,

z . T . T
17)y:arccos§, y = arccoszx, y = 0, 18)y:arcsmg, y:arcsm:v,y:§,
19 y=2* 2=2 y=0, 20y =2 +1, y=mx, =0, 2=1,

1
21) y = vao —1, yzO,yzl,x:§, 22y y=Inzx, =2, y=0,
23) y = (z—1)%, y=1, 24y P =x—2, y=0, y=2°, y=1,
25) y =2, y=a’ 26)y:arccos§, y:arccosg,y:(),

27) y = arcsinz, y=arccosz, y=0, 28)y=a?—-22+1, =2, y=0,

29) y = arccosz, y=arcsinz, =0, 30)y=(r—1)* 2=0, =1, y=0.



Poszain 111. Hesiachi iaTerpaJan

§3.1. IloHsaTTa HEeBJACHOTO iHTerpaJa s PyHKIIiii, BUSHAYEHUX HA

HECKiHYeHHOCTI
Hexait ¢yukuis f(r) Busnauena B 1pOMikKY [a;+00) Ta iHTerposHa B
A
Oynb-siKiit ckindenHiit iforo wactuni [a; A], Tobro dynkuis F(A) = / f(z)dx
a

Ma€ 3MicT 111 Oymab-akoro A > a.
ko icaye rpanunst  lim  F(A) (ckinvenHa 9n HeCKiHYeHHA), TO i1 Ha3WBa-
A—+o0
forb inTerpajgom dyukuii f(x) Big a 10 +00, abo He8AACHUM THMEZPAAOM 13

HECKIHYEHHOIO GEPITHBON MEIHCEND iHmeepyeaHHﬂ 1 ITIO3HAYAIOTh

A—+oo

7oof(x)daf lim /Af(a:)dx (1)

VY BHIIQJIKY, SKIIO I'PAHUIIS Agrfoo F(A) e ckinueHHOIO, TO iHTErpaJ HA3UBAIOThH
36iotcHuMm, a yHKIIIO f(2) HABUBAIOTH THMEZPOBHON HA HECKIHYEHHOMY
npomistcky [a; +00). fximo rpanurs Al_igloo F(A) meckingenna abo He icHye, TO
HEBJIACHHUI 1HTeTrpaJl Ha3UBAETLCA PO36IHCHUM.

AHaJIOrYHO 03HAYAIOTHCS HEBJIACHI IHTErpajin Ha NPOMiXKKax (—oo;al Ta

(—o0; 400) :

Al——o0

/f(x)dx: lim /f(x)dx, A < a,
o M
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+00 A

/f(:z:)dx: lim f(x)dx.
A'——00

— 00 A—400 A

J1jist OCTAaHHBOTO BUMAJIKY, B3sIBIIIH JIOBLIbHE 3HAUCHHS @ € (—00; +00), iHTe-

rpa GyHkiii f(z) Ha TpoMikKy (—00; +00) MOXKHA O3HATUTH PIBHICTIO

7oof(x)dw - / f(x)de + 70f(fv)d:c,

IPUIIYCTUBIIH, 110 OOUJBA 1HTErpay B NpaBiil YacTHHI ICHYIOTH, 38 BUHATKOM,

KOJIM BOHUM PIBHI HECKIHYEHHOCTI, aJie PI3HUX 3HaKIB.

BaacTuBocTi HEBJIACHOTO iHTErpaJia
3 HECKIHYEHHUMU MEeXKaMW IHTErpyBaHHS.
+o00
1. dkmo 36iraeTbest iHTErpas / f(x)dx, mo 36iraeTbest TAKOXK IHTErpAJT

a
+00

/ f(x)dx, ne A > a, i napnaku. Ilpu 1bOMY BUKOHYETHCST PIBHICTD

A
~+o0 A +o0
/f(x)dx:/f(x)d:v+/f(x)da:.
a a A
400
2. dAkio inrerpad /f(ac)dx 301K HMit, TO
+00
Ii = :
Airfm/f(x)dx 0, A>a
A
400
3. Iz 3bixkwuocri inrterpasa / f(x)dx BunawBae 30ikHICTH iHTErpasa
+00 ‘

/ cf(x)dx, ¢ = const. [Ipu pomy

]mcf(x)dx =c J]Oof(a:)da;.

a
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+o0 +00
4. ¢xmo 36irarorTbes 00u1Ba iHTErpasn / f(z)dz, / g(x)dx, To 36iraeThcs
a

a
+00

iHTerpas /(f(x) + g(x))dx i

a

+00 —+00

/ (f(x) £ g(x))da = +/oof(:1:)dxi / g(z)dz.

¢ a

A
5. dxmo f(x) > 0 abo f(x) = 0, o interpan F(A) = /f(x)dx € MOHOTOH-
a
HO 3pocTraiouoo dyukiiero 3minaol A. Tomi jys1 30i:KHOCT]I HEBJIACHOIO IHTErpaJia,

+00 A
/ f(x)dx meobximHO i mOCTATHBO, OO /f(x)dx < L, ne L = const. ko g
a a

+00

YMOBa HE BUKOHYETHCS, TO / f(x)dx = +o0.

a
Dopmyaa Hvromona-Jletionivya. Aximo Gynkuis f(r) sBusnaveHa ta in-
TErPOBHA HA TMPOMIKKY [a;+00) i dyukmis F(x) e oxmieo i3 11 mepBicHux Ha

IIOMY TTPOMIXKKY, TO iHTerpas (1) icHye Toji i TiibKu TojIl, KoM iCHY€e CKiHYeHHa,

rpaHuIls
$1_1>I_il_loo F(z) = F(400).
Toui
+00 .
/ f(x)dx = F(4+00) — F(a) = F(x)
Anasoriuno
a +o0o
a —+00
[ tate=r@)|" . [ s =F@)|

Dopmyaa thmeepysarms wacmuramu. Aximo Gysaxiil U i V' HenepepBHO

JudepeHiioBHl Ha IPOMIXKKY [a; +00), iCHye rpaHuls

lim U(x)V(z) = U(400)V (400),

r—+00
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1 30iraeTbcs xo4a 6 ojuH i3 iHTEerpaJis / U(z)dV (z), / V(z)dU(z), o
/ U@V (x) = U)Viw)| ™ - / V(@)dU(z),
e
U(2)V (z) :’O = lim U@)V(z) -~ U(a)V(a).

Inmeepysanns 3aminoro aminnoi. Axio dyukiis f(xr) nenepepsha Ha

MPOMIKKY [a;+00), () — HemepepBHO mudepeHIiiioBHa HA TPOMIKKY [a; (),

IIPUUOMY
a=p(a) < p(t) < lim o(t) = +o0,
t—5—0
+00 g
i 30iraeThest xo4a 6 OJIMH i3 iHTErpaJiB / f(x)dz, /f(go(t))gp’(t)dt, TO
a «

+00 B
/ f(x)dz = / F((t) (bt

Kpumepiti Kowsi 36i91cHocmi HesaacHo20 thmeepaaa. Hepnacunii inTe-
+00

rpaJ / f(x)dz 36iraeThbest TOA i TIIBKK TOJI, KOJIK Jist JOBLIbHOTO € > 0 icHye

a
d > a, mo jis Beix Ay, Ay € (0;+00) BUKOHYETHCsT HEDIBHICTD

Osnaxu nopieuarns. ko dyuxmii f(x) 1 g(x) Bu3HAUEH] HA TPOMIXKKY

la; +00), mus poBinbHoro A > a inTerposui Ha Binpisky [a; A] 1 Vo € [a;+00)
400

0 < f(z) < g(x), To i3 36ikHOCTI iHTErpasa / g(x)dx BunmBae 361KHICTH iHTE-

a
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+00 +00
rpaJia / f(z)dx, a i3 posbixkuocti iHTErpasa, / f(x)dz BunmBae po36IKHICTH

a a
+00

iHTerpaJsa / g(x)dx.

a
Hexaii dynknis f(z) wesin'emna, a g(x) nomatas Ha [a;+00), obuaBi inTe-

I'POBHI Ha, ILOMY MPOMIXKKY. ZKITO icHye Tpanuils

lim —= =K, 0<K < +oo,
r—-+00 g(x)

+0oo
TO 13 30I>KHOCTI iHTErpaJa / g(z)dx npu K < +o0, BumiuBae 301KHICTb 1HTE-

a
+00

rpaJia / f(x)dx, a i3 posbixxuOCTi Hepmioro interpasa mpu K > 0 BummBae

a
PO30I2KHICTD JIPYIOro.

Osnaxa Kowi. Hexait juist jlocraribo Besiukux © yukiis f(x) Mae BURIsL;

Toi

+00
1) axmo A > 11 ¢(z) < ¢ < 400, TO / f(z)dx — 30ixunii;

+00
2) akmo A < 11 p(x) > c> 0, ro inTerpas / f(z)dx — posbixkmnmii.
. . a .
Ha mpakTuni 3pyuHinono € dacTkoBa dhopMa: FKIIO Ipu & — +00 yHKIi
+00
. . .1 :
f(z) € HECKIHYIEHHO MAJIOI0 TOPSIKY A B MOPIBHSAHHI 3 —, TO iHTErpaJI / f(z)dx
x
[¢
30iraeThbest ab0 PO30IraeThCsA B 3aJ€2KHOCTI Bijl Toro, un A > 1 abo A < 1.
400
Inrerpad / f(z)dr wasuBaerbesi abcoarommuo 36idcHUM, SIKIIO BiH cam

a
“+00 “+00

36iraeTbest 1 36iraeTbest iHTerpad / |f(z)|dz. ko x inrerpad / f(z)dz 36i-
a [¢
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+00 +00
raeThesd, a iHTerpaJ / | f(x)|dx posbiraerbes, To iHTErpad / f(x)dr nasuBae-

a a
ThCsT YMo6HO 30iatcrum. [Ipo Gyukmito f(z) y mepromy BUNAJKY KaxKyTh, IO

BOHA @GOCOAOMHO THMEZPO6HA Ha MPOMIKKY [a;+00), ¥ APYIrOMy — YMOBHO
tHMe2posHa.

Axmo byukmis |f(x)| inrerposra Ha [a;+00), To f(z) Takok iHTErpoBHA
Ha bOMY HpoMixkKy. ko dyukiist f(z) abcomoTHo iHTerpoBHa Ha [a; +00),
a dyukmisa g(xr) obmexena, To m00yToK f(x)g(x) Oyme dyHKIE0, abCOTIOTHO
IHTErpoOBHOIO Ha, [a; +00).

Osnaxa Abeas. Ao dyukuis f(r) Bu3HAYeHA Ta IHTErPOBHA HA 1IPO-
+00

MIDKKY [a;400) 1 inTerpas /f(a:)d:c 30ikHmit, a dyukmis g(r) odbMexena i

a
+00

MOHOTOHHA HA 1[bOMY MPOMIXKKY, TO / f(x)g(x)dr rakox 36iKHMIi.

a
Osnaxa dipizae. dxiio Gyukuis f(x) inrerposua Ha Oy/ib-siIKOMY CKiHYEH-
A

HOMY TpOMiXKKY [a; A], A > a, Ta iHrerpas / f(x)dx obmexenwmit, a dyHKIis

a
) Bu3HAUYeHa Ha [a;+00) 1 MOHOTOHHO LPSIMYE JIO HyJIsl IIPU T — 400, TO

g(x
+00
/ f(x)g(x)dx 36ixHHii.

Bmpasu

1. HocnimuTyu Ha 3012KHICTH HEBJACHI IHTErpaJii Ta 3HANTH IXHI 3HAUEHHS Y

BUIIAJIKY 3012KHOCTI:

d +00
1) /:c_i’ 2) /e_Qxda:,
0

3)/ dx " 70(308\/de7

/T
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M arct T
arctg x x
5 dx, 6 :
)/ 1+ 22 )/xv31n2x
oo ] oo
i 2
7 _ 8 e dx,
) /SC\/£U2 -1 ) /
N 0
00 p +00
x
9 _—, 10 e “sinzdr,
) 1/:13\/:132+1 ) o/
+00 | +00 d
1 xrax
11) | = e Fdr, 12) [ 222
) / - N
+0o0 +oo J
13) /e_“x cosbrdx,  14) / 3 ’ :
x>+ 1
0 1

0 -1

e_‘/:”
15) /anxdx, 16)/ dx,

V-
oo oo ]
arctg x x
17) / o dz, 18) / FUNE S
}FOO _j*OOO
19) / e 20) / d
(22 +1)% 2 —4x+8
—00 0

2. O0uucuTH 1HTErpaJIn:

400 +00
dx 1 2
1 _— 2 d
)/\/E(H:c)’ >/<x2—1+<w+1>2> "
i—oo ioo "
3) / Vg, " / AT o,
T
0 1
+o00o \/_ +o0o
L n,_—x
5) /md%, 6) /x e dLU,
+00 3—00

7)/ dx 8)/ dx
oVl +r+1 J ovVa0 + 25+ 1

1
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+00

BUSHAMEHUL HA HECKIHYEHHOCMI

+00

9) arctg g 10) / dx
V(R Vi (2% + 2z +2)"

3. JlocaijuTy Ha 3012KHICTH 1HTErpaJu:

+00

x2dx
1 /a:4—:v2+1’
0
+oo
3)/ dx
/ V1+ 2t
—+00

5)/ xdx
+1

0
400
Vi +2
7) 5
i
0
400

dx,
+ VT +2

1 + arcsin 1
9 —
) / 1+ zx v

1

4. 3uaiiT BCl 3HAUEHHS MapaMeTpa (v, NPH IKUX 30irafoThCsa iHTerpaJsIn:

+00

2) / e dr,

0
+00

sin x
4)/ > dx,

1
—+00

6) / r3dx
et a2+ 1

0
+00

In(1+ v/x) dx

4 VI +z ’
+00

xdx
10 )
) / 1+ 22sin’x

0

+00 g o0
€T
1 : 2 % Inzdr,
N '/
1 1
N ey
€T €T
3 4 _—
)/xlno‘x’ )/(x2+1)0"
iool Lt oo ]
n(l+x edx
5) ——d 6
)/ (x + «)? “ )/(x—l)alna:’
—+00 %roo
7) /Sinxd% 8) /cosxdx,
T xr
1 1
400 +o0

0) / cos x dx |
z® +Inx

1
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+00

1) /cos\/_

% nzx

2
—+00

_ 1\ dx
13) / sin (x + —)—,
x/ x

1

Posoin 111, Hesaacwi inmezpanu

+00

: 2
12) / sin(z +27)

xa
1
—+00

1
14) /xo‘ sin — - cos x dx.
x
1

5. Jocuijurn Ha abcoroTHY 1 yMOBHY 3012KHICTh iHTErpaJiu:

400
3 /Cos%dx
3+aya’

400

3) /SinxQd:c,

1
—+00

5) /$2COS€xd$,
0

+00
7 / \/Ecosxdm’

x + 100

9) 70(1 — ) da,

1

—+00
COS DX

2 ——d
)/x2+2:€+2 ©

2
+00

4) / cos 2° dz,

1
—+00

6) /sin?’(w2 + 2x) dx,

1
“+00

) /sin (Sil/l_f’;> -%,

/\/_ln

sin x2 )d;c.
S r—1

Ilpuknaau po3B’ss3yBaHHsS BIOPaB

1.18. 3anmanuii iHTerpaj € HEBJACHUM IHTErpajioM 3 HECKIHUeHHUMHU Me-

Kamu interpyBannsa. Qyukiis f(x) =

1

— 5 ¢ BH3HaYeHA Ha IPOMIKKY
x4+ 2x 4+ 5

(—00;+00) Ta inTerpoBHa B Oyjb-sikiil ckinuenHiii fioro uacruni. Jlocsigumo

{ioro Ha 301>KHICTb:

+00 0

+00

/ dx _/ dx +/ dx B
22+20+5 2422 +5 22+2r+5

—0Q —00

dx

= lim
a— —0Q0

(x+1)2+

1 z+1

= al_1>moo 3 arctg 5

+ lim — arctg

0

b
b—>+ /x—l—l -
0

1 x+1‘b

b—+o00 2 2 o
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1(1. < . 1 ; a+1)+1. ( ; b+1 ¢ 1)) T

= —( lim ( arctg—- — arctg —— im [ arctg—— —arctg—=) ) = —.

2\l \ e ) TR\ T 52)) T2
Omxe, 3ajannii IHTerpaJl 301XKHUI 1 3HAYEHHST 1010 JIOPIBHIOE z >

2.7. CkopucTagMOCh O3HAYEHHSIM HEBJIACHOIO iHTErpaJia;

+00

dx
= lim /
1/x\/:1:2+x+ b—+o0 :1:\/332+x—|—

Tomi
1 _ _ —
lim T t I = ]-7 T2 = b7

X
b—>+ool/x\/x2—|—x—|—1 dx:—@ th =1, ty=

27

=

o=
SIS

dt
= lim = lim ( — / —) =
b—>+oo /t2 41 + 1 " botoo Vi2+t+1

b—+00

, 11 b?+b+1 3
—bk?m(—ln’ﬁf\/T’““@”g))—

() e (B ) mm () —m (14 25),

2

>= lim (—ln‘t—l—%—FM)‘))f:

d 2v3
Orxe, / ° =In <1+i>. >
/ v+ x+1 3
3
x
3.6. IlimiaTerpaJinua HKINA f(r) = —————-—— € HEeCKIHYEeHHO MaJiolO
JUHTErp Cb}’;l f(x) o
x
npu r — 400, 6o lim —————— = 0. IlopiBHsiemo 1T 3 HECKIHYEHHO MAJIOIO
) z—+oo g 4+ 22 + 1
bynxmieio — npu x — +o00, A > 0. Tom
x
. $3 1 ’ x3+)\ .
im —— im — =
gt xd + 2 +1° A T abtooxt f a2 + 1
+00
A =1. Orxe, i / vl 6 >
upu A = 1. Orxke, iHTErpadI ———————— € PO3DIKHUM.
P ) TP a2yl P

0
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+00
5o ] 6. Mocai G , / cos dx
2. I cnoci6. Jdocaiaumo criodaTKy Ha 301KHICTD 1IHTErpaut —_
a Y b x24+2x+2
5 ’ 1
cos bx
Jis BCIX X € |2;400) MaeEMO HepIBHICTD < . Tomi
A | ) P 2ol Y2 ramy2
+00 +00
/ dzx _/ dx B r+1=t, x1 =2, x9=400, B
?+20+2 ) (@+1+1 | gr=dt, =3 =400 |
) ) Y 9
~+o00 b
li t tb
B t2 b—>+ T horee OB T
3 3
7
= lim (arctgb — arctg3) = — — arctg 3.
b——+o0 2
+00 +
dx , , COS DX
Orxke, [————— — 30ikHHUIi. 3a 03HAKOIO IOPIBHSAHHSA _
x2+4+2x+2 22 4+2x+2
2 2
+00 5
COS
TakoxK 301knuii. Tol / —xda: — abCoJTIOTHO 301XKHUI.
22+ 2x + 2

2
IT cnocib. CropuCcTagMOCHh JIOCTATHBOIO YMOBOIO abCOJIFOTHOT 1HTErPOBHO-

cti no0yTKy. Ilogamo mimiHTerpaJbHy (YHKIIIO y BUISAL JTOOYTKY, a came
1 1
x)-g(r) = ——————= - cosdbr. Ockimbku f(r) = —————= € abCcoJIOTHO
() g0) = 5 @) = 55
IHTErpoBHOIO Ha [2;4+00), a g(x) = cosbr — obMexKeHa Ha [OMY K [POMIKKY,

TO X JOOYTOK € aOCOJIIOTHO IHTEIPOBHOIO (PYHKITIEIO. P

§ 3.2. IloagaTTd HEBJIACHOTO IHTETpPAaJIA AJId HeOOMeKeHUX (PYHKITIiA

Hexaii dbyuknig f(x) sBusmadena na mpoMikky |a;b], ame € neobMmerkeHoio
B IbOMY NPOMIXKKY. Jljisi BUBHAYEHOCT] BI3bMEMO BUIIAJIOK, KOJIU B Oy/b-sIKOMY
MpoMiKKY [a;b—n], 0 < 1 < b—a, dyukiisa f(x) obMekeHa Ta iHTErpoBHA, OJTHAK

e HeoOMekeHO B mpoMikKy [b — 1;b]. Touka b B 1iboMy BUNAJKY HA3UBAETHCS
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b—n
ocobausoro. ko icaye rpanuig lim / f(z)dz (ckinvyenna um HeCKiHUCHHA),
n—0

a
10 1T HA3WBAIOTH HEBAACHUM tHMezpasom Pynryit f(xr) eid a do b

b b—n
[ =ty [ s@yis

Y BuIlaJKy, {KINO Iid I'PaAHMI CKIHYEHHA, TO 1HTerpaJ BiJl HEoOMEeXKeHOl
yHKIIT HA3UBAIOTH 30THCHUM, 8 caMy (DYHKIIIO HA3UBAIOTH tHIME2POBHOI0 HA
[a; b]. dkimo ) Taka rpaHUIs HeCKiHUEHHA abO B3araji He iICHye, TO KaXKyTh, IO
iHTerpag po3biHcHul.

Hexaii reniep dyukuist f(x) obmexena Ta inrerposia B 0yjib-siKOMY HPOMIXKKY

/. / : . /
[a+1';0],0 <1 <b—a,ane € HEOOMEKEHOIO B KOXKHOMY MPOMIKKY [a;a + 7).

Topi nensiacuuit inrerpas dyukuii f(z) Bijg a o b BusHAYA€THCsI PIBHICTIO

/bf(a:)da:—glli%/bf(x dx

a+n’
B sarasbHoMy BUTIaJIKy Ha MPOMIXKKY [a;b] Moxke OyTu CKiHUeHHA KLIBKICTH
0COBJIMBUX TOUOK C(, €1, - -+ 5 1, C, 10051M3Y sikux pyHkiis f(z) € neobmerxe-
HOTO, & y BCIX IHIINX — oOMerkeHa Ta inTerpopHa. Hexail, HanmpukJ/iaj, TaKiux TOYOK

e Tpu: a,b i ¢ € (a;b), Toai

b c—12 b—m4
/f(:r:) x—hm /f dx+/f dx
771—)0
a et
774—)0

ab0 B3SIBINN BCepeJIMHI KOKHOTO 3 MPOMIXKKIB [a;c] 1 [¢;b] mo Toumi d i e Bimgmno-

BijiHO, OyjIeMO MaTu

677]2 CcC— 7]2
[ sy / Fla)ds + / fa
a+m a+m

b7774 b 774

| sy /f da:+/f

c+ns c+n3
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Jlerko 6aunTu, 1110 iICHYBaHHSI OCTAaHHLOI I'PAHUIN PIBHOCUJIbHE ICHYBAHHIO I'pa-

HUIb KOXKHOI'O 3 1UX YOTHPHOX 1HTErpaJiiB.
b b

dximo HeracHi iHTerpasm /f(a:)dx, /g(a:)dx 36iratorhest 1 o, 5 € R, 1o
a

a
1HTEerpaJ

[as@) + sg(a)is

30ira€ThCsi, IPUUOMY

b

/(Oéf(x) + Bg(x))dr = Oé/bf(x)dx + B/bg(l")dl’-

a
Axuio dyunkuis f(z) Henepepsua Ha npomixkky [a;b) i F(x) — ogna i3 nep-
BicHEX I1i€l (pyHKIIIT Ha 3aJ]aHOMY IIPOMIXKKY, TO
b=

=lim(F(b—n) — F(a)).

a n—0

/bf(;r:)d:c = 7171_r>1(1) F(x)

Axrmo dyukmil U(x) 1 V(z) nenepepsro nudepenniiioBui Ha mpoMixkky [a; b)

b—n
Ta iCHye rpaHuliis lin% U(z)V(x)| , 1o
n— a
b ) b
/ U @)V (2)de = lim U (2)V () T / V(2)dU ().
n— a

st (hopmyita € cipaBe JInBOIO TOJ1, KOJIU X04a O OJUH 13 IHTerpaJiB 30ira€Thesl.
AKIo K ouH 13 iIHTErpaJiiB € po30i>KHUM, TO 1 JIpDYruii po30iracThes.
Axuo dynkiis f(x) weuepepsha Ha npomixkky [a;b), a Gynkiuis x = @(t)

HerepepBHO udepeHIiiioBHa Ha TPOMIXKKY [ay; 5), mpuaomy

a=p(a) < pt) < 71713% (B —n)=0b,

TO
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st popmya € crpaBeIuBOIO TOJI, KOJIK X04a O OJMH 13 IHTerpaJiB 30iraeThcs.
AKIIo 2K oJiH 3 IHTerpaJiiB po3dira€Tbcs, TO 1 JAPYruil € po3012KHUM.

Kpumepiti Kowi 36i91cHocmi HesaacHo20 tHmeepaaa. st 36ixkHOCTI
b

HEBJIACHOT'O 1HTerpaJia, / f(x)dx, pe b — ocobuBa TOUKa, HEOOXIJHO 1 JIOCTATHBO,

a
106 st JoBiabuoro € > 0 icaysajo rake d >0, monupun 0 <n<di0<n <§
b—n'

/ f(:z:)dx‘ <e

b—n
b

BUKOHYBaJIaCsl HEPIBHICTD

Hesnacuuit inTerpast / f(z)dx nasuBaeThcs abcoatommno 36i2HcHUM, STKITIO

a

b

BiH cam 36iraeThes i / | f(x)|dx 36iraeThest, i ymoeHo 36taHcHUM, SIKITO BiH cam

a
b

30iraeThes, a iHTerpas / |f(x)|dz — posbixuuii.

a
Osnaxa nopieusanus. fxmo dbyuxiii f(z) i g(z) HeBig'emHl Ha TPOMIKKY

[a; b), inTerpoBHi Ha BiPi3Ky [a;b— 7], 1 ayst nosiabHOrO T € [a;b) f(x) < g(z),
b b

TO 13 301>kHOCTI 1HTErpaJIa / g(x)dz BunsuBae 361kHiCcTH iHTEIrPAJIA / f(x)dx, a

a a
b b

i3 po30izKHOCTI iHTerpasa / f(z)dz BuniuBae po3biKHICTH iHTETpaTa / g(x)dx.

a a
AKio K BCTAHOBUTU TaKy HEPIBHICTb BaxKKO, aJie ICHYyE I'paHullsd
b

lim @) = ¢ # 0, 1o iHTerpasm /f(x)d:c i /g(:r:)dx 30iraloThest abo
z—=b-0 g(x)

PO30IraroThCsI OIHOYACHO.

a

Osnaxa Kowsi. Hexaii nyis mocrarabo Om3bkux 10 b (b — ocobimBa ToUKA)

snauenb = Gyukiis f(xr) mae sursy f(x) = ( ) A > 0. Toni:

(b —a)

b
1) sxmo A < 11 g(z) < ¢ < 400, T0 iHTErpad /f )dx 36iraeThes;
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b
2) skmo A > 11 g(z) = ¢ > 0, To inrerpas /f(:c)dx PO30IKHUIA.
a

3pydHIIIOn Ha MPAKTHUIll € 9acTKOBa (popMa: sKIo npu © — b dbyskiia f(x)

b
! ,TO/f(.CL‘)dCE

b—x
30iraeThbcst abo PO30IraeThCs B 3aJI€2KHOCTI Bijl Toro, um A < 1, um A > 1.

€ HeCKIHYEHHO BEJIMKOIO HOpsijIKy A > 0 110 BiJIHOIIEHHIO 0

Osnaxa Abeas. dxino Gynkuis f(z)- g(x) Busnadena na npomixky [a;b),

HeoOMexKeHa B OKoJii Touku b, dbyukiis f(x) HemepepBHa Ha TPOMIKKY [a;b),
b

Ta, iHTerpaJ / f(x)dx 3b6iraernest, a dynkiis g(x) obmexkeHa 1 MOHOTOHHA HA

a
b
MpOMIXKKY [a;b), TO iHTerpad /f(x) - g(z)dx 30iraeTnes.

a
Osnaxa Hipixae. dxino dyukuist f(x)-g(xr) Busnadena na upomixky [a;b),
HeoOMeKeHa B OKouli Touku b, dyHKIisa f(x) HenmepepBHA i Mae 0OMEXKEHY MepBi-

chy Ha [a;b), a dyukuist g(x) monoronuna Ha |a;b), npuuomy lill()nog(x) =0, To
T—b—

b
inTerpas /f(a:) - g(z)dx 30iraeTncs.

Kpim HeBjiacHUX iHTErPaJiiB 3 HECKIHUEHHUMU MeXKaMK Ta iHTerpaJiB Bijl

HeoOMeXKeHUX (PYHKINH ICHYIOTh HEBJIACHI IHTErpaJii, B sAKMX TaKi OCOOJMBOCTI
+00

noeanani. Hanpukia, inrerpain By / f(z)dx, ne dyukiisa f(x) BusHauena
a

Ha NPOMIXKKY (a;+00), B OKOJI TOUKKM a HeOOMeXKeHa, Ha Oy/b-siIKOMY BiJIpi3Ky

[c;d] C (a;+o00) imrerpoBha. [ljist makux iHTerpajiB muTaHHS 361KHOCTI
b ~+00

3BOJMTHCS JIO IUTaHHS 301KHOCTI JIBOX iHTErpaJin / f(z)dz i / f(z)dz, ne
a b
b € (a;+00).
+0oo
Tomy BBarkaroTh, IO IHTErpaJ / f(x)dx 36iraeTbest TOMI i TINBKY TO, KO-

a
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“+00

JIM 30irafoThest 00UBa IHTErpaJsn / f(x)dx i / f(x)dz. dxmo xoua 6 onu i3

+00

iHTerpaJiB po3diraeTbCs, TO IHTErpaJl / f(x)dx € po3bikHuM.

a

Bopasu

1. Josecru 301KHICTH 1 3HANTH 3HAYEHHS HEBJIACHUX 1HTEI'DaJIiB:

) [ =
rvinz
1
/ d
X
5)/x2—4x+3’
0
2 d
x
7
)/xlnx’
Y
3 3y — 9
9)/:c +,\/E iz,
O$3
0
12 23
1) [ £ 2dr,
2

15) /?)d—:’j
J /9712 — 1’
30 d
1 xr
17) /6”";,

s}
1
23 arcsin z
/ V1— x2 "
0

1
1
6) /a:zlnxdx,
0
3
8)/ dx
/ Var — 22 -3’
5
22 dx
) [ ,
/ \/(:1:—3)(5—95)
4
/ dx
12) ,
J 6x — 22— 8

18) /2 dx
J cosz+/tgdx

1

voly

20) / sin 2z cos z In(cos x) dx.
0
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2. O6UKMCIUTH HEBJIACHI IHTErPAJIN:

2

dx
2 ;
/a:\/Qx—l- >/£1:\/3:1:2—2x—1

M»—‘

“1 1

1 Iy

z*dz z"dx

3 , 4) | ——, neN,
)[(1+a§2)\/1:€ )0/\/1x2
)/\/Ctga:dx, 6) /\/tg:(:d:c,

0

[ o2 arcsi / 1+ d

x® arcsin x T

7 dzx, 8 /x31n : ,
)0/ V1—a? ) 1 1—2 1= 22

cos 2nz In(cos z) dx, n € N.

o\
0l

/ln coS ) 10)
0

3. Jociijiuru Ha 3012KHICTH 1HTErpaJIu:

1 1
e’ dx
1 —d 2
)0/\/1:1:3 v )0/13:3+3:6’
/ d / d
x x
3 4
)/x—sinx )/ex—cosx
0 0
1 I
r2dx sin x
) [ 9
0 0
1 2
dx Ve dr
7 8 :
)/6\/5—1 )/esmx_l’
0 0 )
shz dx T
9 —_— 10 .
)/GIQ—COS:U’ )/\/EJrarctgx
0 0

4. Jlocsijuru Ha abCOJIOTHY 1 yMOBHY 301KHICTH IHTEI'DAJIN:
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NG

1 dx
arctg x cos — - —
r X

coS (L — 1)d—x,

X

2
0/
/1
0
1
5) / cos% J
€,
(1+ zsin)?
01
o/
/1
0

(1 —x)? 1
4) / p cos — dzx,
/ dx
sin :
sin :1: sina
0

/ 1+IE
sin
0

%
/cos ctg:z:
ctgx
0

5. JocainuTu Ha 301XKHICTH HEBJIACH] IHTEIPAJIH:

+00

1)/ dx
Vr(l+a)
oo
sin x
3)/ - dz,
©
5) /sm xdx,
x
0
(1 + 2)
7) / 1 dx,
xn
0
400

9)/§E@£Q¢u

X

+oo

Inx
2

0
+00

x dx

4 —
) Ve — 1

6) / dx
/ Va3 + 1

400
arcte ax
8) /—gdaz a#0,
x"
0
—+00
e T sin(sin x
10) / ( ) dx.
x
0

ITpuknaau po3B’sa3yBaHHd BOpPaB

1.19. Iliginrerpanbua dbyukiis f(z) =

a3 arcsin x

V1 — 2?2

HeoOMeXKeHa B OKOJII TO-

ykn x = 1. Tojii 3a 03HaYEHHSIM HEBJIACHOI'O 1HTErpaJa Biji HeoOMeXKeHOl (pyHKIIT
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3aTHIIEMO ) .
U
23 arcsin z , 23 arcsmx
————dzr = lim
/ V1—a? 77—>00 \/1—x2
_ : _ 28z
_ U = arcsinz, dV = 5 _
dU = W’ 3\/ 372)3 \/1 — x2
1—n
1
:lir%(<§\/(1—a:2)3—\/l—x2) arcsinx / ( (1 — 2% )dx) =
n—
0

— lim ((%\/(1 AP -1 (1— n)?) arcsin(1 — 77)—

n—0

1 x3 1-n ) 2 1-n
~(3(e=%) -9)], ) =im (T +30)], "=
3 3 0 n—0\ 9 3 0

/(1= 2 7
i (0 20 )T,
iy T3l m) =g
72
3.5. Miginrerpasbna Gynkuis f(x) = W Ma€ 0CODJIMBICTDH B TOYII
-
r = 1. [ns jociijpkeHHsT HEBJIACHOTO IHTEerpaJia Ha 3012KHICTh BUKOPHUCTAEMO
o3naKy Komri. locaianMo rpaHuIio BUTIALY
I2 502
X 3/ (1—a2)5 1—2)5 3/ (14
limf(l)—lim (1 ) —lim\/( )1\/(+) =
x—b =R z—1 = z—1 =2
5) z? 1
= ’/\ = —| = lim =

5

1
Ockinmbkn A = — > 1, 1o 3a o3nakoi Ko inTerpas / €
3 3/ (1 — xz

‘ 0

pO3OLKHUM. P>

5.3. Bajtannii iHTerpaJ 30ira€ThbCsd TO/II 1 TIIBKKA TOJII, KOJIA 301rafoThCsI 1HTe-
c +oo

sin & sin x
rpaJjin / dz, / — dx, ne c € (0; +00).
) T

0
OueBu/iHO, 110 ,ZI;JIH A < 0 mepmuit iHTEerpaJs 30ira€Thes, a Apyruit pos3dira-

erbes. dAximo A > 0, TO NepImi 1HTeraJI 361Fa€TbCH TOJI 1 TUILKWA TOJIl, KOJIN

, , dx sin x sing
36iraeTbes iHTerpas | ——, 00 dr =

A1 ) xx
0 0 0
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30iraeThes, Ko A < 2. B apyromy inTerpaJi mijinrerpaibia pyHKIs Sin & He-

. . . . 1

nepepsHa i Mae oOMezKeHy HepBicHy Ha IPOMiKKy (¢; +00), a dbynknia g(z) = —
x
. : 1 .
MOHOTOHHO CIaJIa€ Ha IbOMY HPOMiKKY, npuiomy lim — = 0. Tozi 3a o3naxoio
r—+00
+oo
. sin x ,
Hipixje / +— dw sbiraerbes, gkimo A > 0.
x

C
Orke, 3ajanuii iHTerpas 36iraerbest, ko A € (0;2).  »

§ 3.3. 3acTocyBaHHSa HEBJIACHUX IHTETPaJIiB

[Ipm 3HaxXO>KEeHHI BU3HAUCHUX IHTErpaJiB 3a JOIMOMOTOI0 3aMiHM 3MIHHUX MO-
»Ke BUHMKHYTHU BHUIIAJIOK, 110 OJIHa D0 00MJIBI MExKi CTalOTh HECKIHUEHHUMHU, & IIPH
iHTerpyBaHHi YacTUHAME — TijiHTerpasbHa QYHKIs (3a paxyHOK judepenIiona-
HHS$I) B HOBOMY iHTerpaJi HeoOMexkeHa 6ijist 0JfHOrO abo i JBOX KIHIB MPOMIZKKA
1HTErPyBaHHS.

B TakoMy pasi o0UYnC/IeHHS BU3HAUYCHOIO 1HTErpaJjia 3BOTUTHCI IO OOUNCICHHS
3012KHOI'O HEBJIACHOI'O 1HTerpaJia, SKUil MOyKHa 3HANTH, BUKOPUCTOBYIOUHM O3HAUYE-
HHSI.

Hocurh 1acTo mocra€ 3aBAaHHS 3HAXOJKEHHS IO HEOOMEXKEeHO! ILIOCKOI
dirypu. Ao MaemMo KpuBOJIIHIIHY TpaIelio, YTBOPEHY HENEePEPBHOIO KPUBOIO
y = f(x), nissiccio [a;400) (f(x) = 0 gust posinbhoro x € [a;+00)) 1 npsamMo

I = a, TO BBaxKalOTb, IO TaKa (birypa Ma€ IIJIOIY, AKIITO HEBJIACHUN iHTeI‘paJI
“+00

/ f(x)dx 36iraerbesa. OueBuHO, 10 3HAYEHHST TAKOTO 1HTErpaJa i 6ye mIome

a
3aJ1aHOI ILJIOCKOT (hirypH.

AHnajorivHo BU3HAYAIOTH IJIOILY KPUBOJIHIAHOT Tparellii, yTBOPEeHOI KPHUBOIO
y = f(z), Heobmexenow xou Oijisi 0JHONO 3 KiHIIB Bijpiska [a;b], Bijpizkom
[a; b] i mpsivumu © = a, x = b (xo4a 6 0JfHA 3 IUX MPSAMUX Ma€ OyTH aCHMITOTOIO
kpusoi y = f(x)).

3po3yMmijo, 110 moaidHI MIpKYBaHHSA MOXKHA BUKOPUCTOBYBATH 1 JIJIsI O3HAUEH-

Hsl ILJIOII IIOBEPXOHb Ta 00’€MiB HECKIHUEHHMX Tij1 oOepTaHHs.
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dkmo gesika disnuna BesmunHa € aAUTHBHOW (YHKIE P(r) mpoMixka
la; +00), mpudoMy BOHA TOB’s3aHa 3 JiesdKO (QYHKIE p(z) CHiBBiIHOIICH-

M P'(xz) = p(x) pna poBlbroro x € [a;+00), 10 y BHHAJKY 301KHOCTI
+00

HEBJIACHOT'O 1HTerpaJia / p(z)dx #oro HABUBAIOTH BiJIIOBITHOW tHME2PAALHOIO

a
TAPAKMePUCMUKOI0 IeBHOIO (PI3UIHOIO sABUIIA.

Hexait dyukuist f(x) BusHadena wa npoMixkky [a;+00) 1 jist JOBLILHOIO
400

A > a inTerpoBHa Ha BiApi3Ky [a; A|, mpuduomy HeBiacHUii iHTErpas / f(z)dx

a
+00

36iraeThbest. ToT OueBHHO, IO JIJIst JIOBLIBHOTO T € [a; +00) iHTerpad / f(t)dt,

X
1 BIJIHOILIEHHSI, siKe KOXKHOMY % € [a;400) craBuTh y BIIIOBIIHICTL YUCIO
+00

/ f(t)dt, samae Gynkiito, Bu3HAUCHY Ha MTPOMIKKY [a; +00).
xr

Y Takuil crocib BU3HAYAIOTHCS JIJIA JIOJATHUX T, HAIPUKJIA, (DyHKIT

+00
Cz’(:v):—/%Stdt,

+oo y
Sz’(m):—/m%dt,

O(z) = % j e tdt.

3okpema, 3 ocTaHHbOT (PYHKIT MOXKHA, BUJIJINTH HEBJIACHUI IHTETrpaJI

+oo

/ e dr = ﬁ,
2
0

sIKi Ha3MBa€eThCs iHTerpaJjom Eitnepa-Ilyaccona.
Bopasu

1. O6uuciuTu iHTErpasu:
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arcsin x dz,

dx

dx

. )
1 +sin’x

(arccos z)dw,

1
0/71'
0/
) [ g
3+ 2cosx
0
0/
1
0/

2sinx + 3cosx + 4’

1+ 6082

1
0/
/ 1—cosx
3—200895
0/

/ sin 22 dx
cost x + sin*
1

1

/ arcsin £L’

0

2. 3uajiiTy ol mIockux (piryp, oOMeXkeHux JIHIsIMH:

nissiccio [1; +00), npsamoio x = 1,

= miBBiccio [—1; +00), mpsmoo x = 1,

8) y = |sinz|e™ ™, miBBiccio [0;+00), mpamon z = 0,

1
1)y = 22 i Biccio Oz,
2) y = e 3, misgiccio [0; +00), mpamoo z = 0,
x
3) Yy = ——=, misgiccio |0; +00),
= 0 +ec)
4) y = i7
1+ x)?
5) y = :U?’e*%xz, acuMnToro y = 0,
r+1
6
)y (22 + 42 + 5)%’
7) y = z’e™, nissiccio [0; +00), npamoio z = 0,
)
)

3

:2a—x

, ACUMIITOTOIO T = 2a.

161

3. 3naiitTu 06’eM Tijia, MO yTBOPIOETHCS Mpu obepTaHHl (irypu, oOMeKeHOT

JaHOIO KPHBOIO:

1

1
)y = T2

HABKOJIO 11 aCUMIITOTH,
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2) y = 2ze”*, mapkouo ii acummnTorH,
3)y=-e ", y =0, HaBKoJIO i aCUMITOTH,
3
9 x

4) y* = ———, HaBkoJIO Ti acumnrorun x = 2a, a > 0,

2a — x

1 1 :

5)y=2(-——), ®=1, naskoso oci Oz,

\x

sin x ,

6) y = .,y = 0 maskos0 oci Ox.

x

4. 3HaiiTi TJIONLY MOBEPXHI, YTBOPEHOI MPW 0bDEepTaHHI HABKOJO OCI abCIuc

JIyI' KPUBOI:

Hy=e"* z€]|0;+00),
t
2) x:a<cost+lntg§>, = asint.

5. Buaiitu pobOTy, siKy Tpeba BUKOHATH, 00 €JeKTPUUYHUN 3apsan ey = 1
HAOJIM3UTH JIO 3aPsJly € 3 HeCKIHYeHHOCTI Ha BiJICTaHb, sIKa JIOPIBHIOE OJUHMIIL].

6. Axy pobory Tpeda 3aTparUTH HA IIEPEHECEHHS Tijia 3 MAcOI M y HECKiH-
YEHHICTh 3 MOBEepXHI 3eMJti”?

7. 3HaliTy MOTEHIAJbHY eHepriio NpyKHOI jedopMmaliil HecKiHIeHHOT DaJIKH,
SIKa JICXKUTH Ha MPYXKHIM OCHOBI 1 IPOrMHAETHCA i JIEI0 30cepeizKeHol cunn F.

8. Ckopucragiuch inrerpajiom Eiiiepa-Ilyaccona, joBectn, 11o:

+00

2 2n — 1)” /0
1 2n —ax dr = ( _ >0
)/:z: e T Sy \/;, a >0,

0
+00 |

2 n:
2) / x2n+1efcmc dr = W’ a >0,

0
+oo

2 1 dr—! 2
3) /az”e_a“; 200 g0 — 2”104\/%. dﬁnl(ﬁeﬁa), a>0, >0,
oo

4) /a:e_o‘xz_%xdx:i—ﬁ z-eﬁj(l—q)(i>), a>0, 8>0,

20 20\ «
0
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400
— 2
2 _—az?-2px _ o T 25 + % 6
5)/$6 dx——2—52+ $T€ 1—q)ﬁ ,oz,5>0,
foo
o) [ (128t e = 8 T
0
o : 2y 0 (2n)!
z a“\" !
7) /$2n6_2cv2da::<—> AN
/2w 2 n!
+00 —
2
8) /xe_am2+25mdx:§\/§-ei, a >0,
al\ «a
T L,
e B T (ap)?
9)/$2+62d$—(1—®(&5))%6( )7
0+oo2_22 Ji 8
e vt s s 232
10 T dr =YY" _ @ .
) [ o= Y~ e (- B(aB)

0

ITpuknaau po3B’sa3yBaHHS BIPaB

1.5. B 3ajianomy inTerpaJi mpoBejeMo yHIBepCaJibHy TPUTIOHOMETPUYHY I1i/1-

cranoBky. Tomi

T __ __2dt
dx 2
34+ 2cosx COS,@:}I_?’ ! 7 ! ’ 34—21;:2
0 To =T, lo =400 0

+o00 b

dt dt 2 t b

- —2 i = = lim arctg—| =
/t2—|—5 b—l>5—noo/t2—|—5 \/Ebjinmarcg\/go
0 0
b T /5
= lim arct = = . >
5 b—+o00 & \/5 \/S 5)
23

3.4. Bajama kpusa y> = cumerpuyHa BijHocHo oci Ox (nuB. puc. 10).

20 —
fKimo BUKOHATH TapajieibHe MepeHeCeHHsI CHCTeMu KoopauHaT Ha 2a (a > 0)

OJMHUIIL BHPaBo B370BK oci Ox, TO PIBHAHHSI KPHUBOI MaTHME BUIJISI
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5 (x+2a)3 ) ,
y° = ———. B TakoMy BUIAJKY MOXKEMO PO3LJISJATH TLIO, K TLIO

X
—+00 +00

obepTanns HaBKosio HOBOI oci Oy. OTxe, V =7 / zdy = 2m / z2dy.

—00 0

Puc. 10

(z + 2a)?

Ockinbku y2 = — TO 3HAMIEMO CIIOUATKY 1/ sIK ITOX1JIHY BlJI HESIBHO
)

3aJ1aHO0T (PYHKITII:

5 ,:_2(3:+2a)2(x—a) ,:_(x+2a)2(a:—a):_(:U—I—Qa)(a:—a)

s y > 0.
(x 4+ 2a)(x — a)

_ z+2a
x

dx. B ocrannbomy iHTerpaJi

0
Toni dy =y'de 1V = —27‘(’/
—2a

: r+2a . 2a
BBEJICMO 3aMIHY — = t~. Toui 3 Toro, MO r = ————, MaEMO
x 1+ ¢2
y 4at dt o 2at? 3a + at?
rT="7——3, Tt2a=——F, T—0=—""FT"3;:".
(1+¢2)% 1+t 142
Ilpu x = —2a,t =0 1inupu z — —0,t — +o0.
Orxe,
+00 9 5 9 1
2\4 z -
’ (1+1¢2) dt:coCiQZ’ t1=0,21=0, 2=2
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us

2

tg? 2(3 + tg’ i

167TCL3/ & Z( + g2 Z)COS Zdz:487m3
cos? z

sin® 7 cos* z dz+

0

R o
VB

sin® 2 dz) )

D\m
\mm

+167a’ /cos zsint 2z dz = 167a (3 sin zdz—5/sm zdz+2
0 0

g
o (n—=1! =
Bpaxosytoun, o st napaoro n € N [ sin” zdz = o OCTATOYHO
n!!
0

OTPUMAEMO

1-3 1-3-5

1
V=8ra (3.5 -5 42
T2y 5.4 “ 246

> = 27%a® (ky6. o1.). B

8.8. BpaxoBytouu, 1110

—+00 —+00 “+00

Bz 52_ﬁ 2 2
/ A / ve (PR gy — / ve (758) dz =
—00 —00 —00
r—=2=t, 11 — —00, t; — —00, 2
e T (R R
de =dt, w9 — +00, t9 — 400 S Q
+0o0 +00
2 2
_— /t —o gt 4 éea / e~ dt
o
—00 —00
Ob6uncIMMO KOXKEH 3 iHTerpaJIin:
+00 g2 T0o0 52
2 €a e o +00
e'w / tedt = —— [ e Pd(—at?) = ——— e = 0.
—2a 2ce —0
—00 —00
400 400
2 2 2 T 2
é e'w / e dt = g s / 6_(\/at)2d(\/at) = é \/jei.
a ay/a a\ a
—00 0
+0o0
7'(- 2
Orxe, / ze 2Ty — v ev. »
a\ «a

—0o0



Poszain 1V. Interpasm, 3ajie>kHl Big mapamMeTrpa

§4.1. InTerpaJsu, 3aJjiexkHi Bij mapamerpa. BiactuBocri

Hexaii dyukuis jaBox sminnux f(x,y) Busnadena na muoxkuui [a;b] X Y, ue

x € [a;b], y € Y C R, npudaomy st joBisibHOrO 3y € Y icHye iHTerpas

F@%i/ﬂ%wﬁ-

Toni dyukuito F(y) Ha3UBAIOTH iHME2PAAOM, 3AAEHCHUM 610 NAPAMEMPA
Y.

PosrisineMo psiji; BJacTUBOCTEH 11OI'O 1HTEIpaJia.

1. I'paruuruli nepexid nid 3naxom inmeepaaa. Hexait yo € Y € rpa-
HUYHOIO TOYKOI MHOXKuHUM Y. Ko jyisi Oyjb-sikoro y € Y dbyukuis f(x,y) €

iHTErpoBHOIO Ha [a;b] i

lim f(z,y) = g(x),

Y—Yo
npuuomy ist 30ikuicTb 10 GyHKIil g(x) € piBHOMIpHOWO Ha [a;b], TO dyHKIs
g(x) € inrerpoBHOO Ha [a;b] i BUKOHYETHCS PIBHICTH

b b

lim [ f(x,y)de = /g(:p)dw.
Y=Yo

Haramaemo, 1o dbyukiis f(z,y) Ha3UBAEThCsT Pi6HOMIPHO 36itcHot0 Ha * € F

mpu y — Yo 140 dyukml g(x), akmo (Ve > 0)(36 > 0) (Vo € E)(Vy € YV :
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ly —yo| < 0) : {|f(z,y) — g(x)| < e}. losnauaerbes f(x,y) y;@g/o g(x). Hapani
JIJIs1 CIIPOTIEHHS 3aMuciB piBHOMIpHY 36iKHicTh f(2,¥y) 10 g(x) Hlfl E upu y — yo
Oy/1eMO 103HAYATH TaK:
lim f(z,y) = g(z), v €E.
BayBaxxuMo, M0 JJis TOro, mob BHKOHyBastach ymoBa lim f(z,y) = g(z),

Y—Yo
HEOOX1JTHO 1 JI0CTaTHRO, 11100 BUKOHYBaJIaCh PIBHICTH

Jim sup |f(z,y) — g(z)| = 0.
3 piBHOMIPHOI 301>KHOCT1 BUILJINBAE MOTOYKOBA, 301>KHICTD, aJje He HaBIaKH.
Hacaidox. Hexait yg — rpanndHa TOYKa MHOXKUHU Y. fAKINO 711 Oy/ib SIKOT'O
y € Y dyukiuis f(x,y) € nenepepshoto 1o x Ha |a;b], a s Oyjb-sikoro x €
[a;b] dbyukiis f(x,y) € MOHOTOHHOW TO ¥ i yh_)rélof(x,y) = g(x), me g(z) €
HerepepBHOIO Ha [a; b, To

b b

lim f(x,y)dx:/g(x)dx.
Y—Yo

2. Henepepsnicmos tHmeepaaa, 3anedxnrcHoz20 6id napamempa. Hexaii

dbyukiis f(x,y) Bu3HAUeHA 1 HETEepepBHA HA MHOXKWHI

II={(z,y9) €R*: a<2<b c<y<d}

b
e —oo < ¢ < d < 4oo. Toui dyukuis F(y) = /f(a:,y)dx € HEIEPEPBHOIO Ha,
a

c; d].
3. InmeeposHicms itHmMezZpana, 3aneHcHo20 610 napamempa. Ko
dbyukiis f(x,y) HenepepsHa B npssMokyTHUKY 11, To dynkuis F(y) € inrerpos-

HOIO Ha [c; d], npuaomy

d d b b d
[Py = [y [ @ar= [ds [ s
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4. /lugepernuyitiosHicms itHmezapana, 3asercHoz20 8id napamempa. He-
xaft Gynxnia f(z,y) i f,(z,y) nenepepsui B npamoxyrauky II. Tomi dbynkiia
F(y) e pudepenniiioBroro Ha [¢;d], npuiomy

b b
d ,
@!ﬂaWMZ@mwm

[{to piBHICTH YacTO HA3UBAIOTH NPaABuUAOM JletibHiua dudeperuirosarHHs tH-
meapana, 3aAeHCHO20 810 NAPaMempa.
5. Hexait bynkmist f(z,y) Busnadena i nenepepsra Ha 11, a kpusi a(y), 5(y)

€ HellepepBHUMU Ha [c; d] 1 He BuxojsiTh 3a Mexi npsmokyTauka 1. Toi inrerpas

€ HenepepBHOIO (DYHKIIE Bl ¥ Ha [¢; d].

6. Y3azaavrene npasuao Jletibniua. Hexait BAKONYIOTHCS YMOBU BJIACTHU-
Bocti 5 1, kpim Toro, icuytors noxinui f,(z,y), '(y), B'(y), axi € nenepeppuuMu
BioBiHO B npsimokyrauky I ra Bijpisky [c;d]. Toui dyukiis F(y) € jpude-

PEHI0BHOIO Ha [¢; d], TPUIOMY BUKOHYETHCS PIBHICTB:

By)
Flo) = [ fifends+ 50)560.0) - @) al).v)
a(y)
Bopasnu
1. ObuucauTu rpaHuIi:
1+y p 2
. T . 5
1) 11/12% T2 2) ll/lgr(l) x” cos xy dx,

—ly 1

) lim [ /2t + y? de, ) lim \/xQ—i—y dz,

y—>0 y—>0
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1 2
5 lim/ d 6) lim In(z + |y|) dx
Sy T b Y R
0 1
3 p 2
o | S [
0 1
y+1 — sgny
9) lim arcsin x 2:1: . 10) lim sin(zy) .
w20 )y + (L+y?) -y yrheo J (z+y)y+1
Y v

2. Yu MoxHa 3MifCHUTH TpaHUIHUN Iepexis il 3HaKOM iHTerpaJja y HacTy-

ITHUX BUPa3ax:

3 m
1 2
1) lim/arctg< it )das, 2) lim —sinx—dx,
y—0 I+y y—oo | T Y
_1 0
1
x 2d
3) lim dx, lim | —e v du,
y—>oo/\/_—|—y )y—>0 y2
0
1
5) lim arccos(z + y) .

3. JlocijiuTy Ha HelepepBHICTH 3a/laHl IHTErpaJiu, 3aJeXHi Bijl mapamerpa;
1 1
/Sgn z, 2 F(y)=/vw2+y2daﬁ,
0 ~1
1

/ya{;—l—yQ’ z) € Cpyp, f(z) >0, z €[0;1],

0
1

Slnxd 01
/xy z, y € (0;1).
0

4. Buaiitu F'(y), akmo:
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y? y

DF@ﬁi/wag %F@%i/EEiEQng>Q

T

Y
1

0
1
3) F(y) = /ln Va2 +y?de, 4) F(y) = /:L‘y_ldx, y >0,
0

0

Y 24y
) Fy) = (- yysinayds. 0 F)= [ s,
X
0 —2+y
cos Y 2
7) F(y) = / VI gy 8) F(y) = / " in L
y - ) y — \/E T .
siny 0

5. ObuncauTy iHTErpaJ o 3aJaHOMY BIJIPI3KY BiJI iHTerpaJia, 3ajeXKHOT0 Bi/l

napameTrpa, Ta BU3HAUUTH, Y1 MOXKHA TTPU ITHOMY 3MIHIOBATH TIOPSAIOK 1HTETPyBa-

UF@)li?ij;yemﬂL
2>F<y>0j¢%m, ve -5
3) F(y)—/bxydx, yel0;1], 0<a<b,

4) F(y)—/l(ny)dx, y € [0;1],

5) F(y)/l(w+y)dw, y € [0;1],

6) F(y)—o/l(;/;;—;;dx, y € [0;1].

1
1
6. Hexait F,,(x) = — / cos(ny — xsinp)dy — dynkuis Beccenst mnioro in/ie-
T
0

kca n. Josectu, mo:
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1) 2*F'(z) + 2F(2) + (2> = n*)F,(z) =0, n € Z,

/-%‘Fo )dz = yFi(y).

0

arctg x

1
7. Bukopucrosytoun (opmyiy / L x # 0, obuncanTn
z?y
0

1
, / arctg x dx
1HTerpaJ :

/ x V1— a2

8. ObumcauTy iHTerpaJin, 3ajeXKHi Bijl napaMmeTrpa, npu a < b :

1
1 b __ b __ .a
1) /sin(ln—)-x 2 /cos -x  da.
x Inx Inz
0

ITpuknaau po3B’sa3yBaHHd BOpPaB

1.5. [Jocaimmmo ma piBHOMIpHY 30ikHicTh mnocmigouicts {F,(z)} =

1
. 3HaiieMo noTo4ykoBy rpanuino {F, (x)} npu n — oo:

1 1

li = 0; 1].
M Tt 1re 70
Tomi
S W R S (R VL
L+ 1+ 14er| (I+er)(14+ 1+
<ex—(1+£> < sup ex—<1+£> :e—(1+—)
n z€[0:1] n n

npu n — 00 s josiipHoro x € [0;1].
= 0. Tobro

1 1
Orxe, BUKOHYETHCsT PIBHICTH lim  sup - —
n=00 ey 11+ (1+2)"  1+e
1 n—>00 1
= -
L+ (1 +2)" pepn 1+e”
3HAKOM 1HTerpaJia, 3aJIeXKHOT0 BlJ] apaMeTpa, OTPUMAEMO:

. Toxi 3a BJIACTUBICTIO TPAHUYHOIO MEPEXOY i

1 1

1

d d d

lim F,(z) = lim ’ = / lim ’ :/ T

n—o0 n—00 1+ (1 + %)” n—oo 1 + (1 + £)” 14+ e?
0 0 0
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ex:t, 371:0 562:1, e e
= Int, t 1, ¢ _/ dt —/<1 ! )dt—
B e e I T I AV TS VA
de =4, ! !
e e 2e
=(In[t| —In|t+1])| =In +In2=1In N
1 e e+ 1

2.4. Be3s 1iepeBipkr yMOB BUKOHAEMO I'PAHUYHUIN 11epexiji 111)] 3HAKOM IHTeI'pa-

Ja. Toi

3 iHImI0ro 6OKy:

I 22\t 1 L 1
. - 42 — _ 1 2 ——
=i (=5e7)], = —alme -0 =3

PesynbraTu, orpuMani B 00MIBOX BUIAIKAX, BiIPI3HAIOTHCA. OTXKe, 3/1iiCHN-
T TPaHWIHWI TlepexiJi MijJ 3HAKOM IHTerpaJia, 3aJieyKHOI'O BlJ TapaMeTpa, He
MOXKHa. b

4.7. Oyukmil f(x,y) = eyVI=a® folz,y) =v1— 22e9V1-2% ¢ penepepsHnME
B Heckinuennomy npsimokyTauky 11 = {(z;y) : —1 < x < 1; y € R}, dynkuii
a(y) = siny, B(y) = cosy, o(y) = cosy, B'(y) = —siny e HemepepBHUMHU HA
BC1il MHOXKMHI JIIACHUX YUCEI.

Orxke, MOXKEMO BUKOPHUCTATHU JIJI 3HAXOJ>KEHHsI 1HTerpaJa, 3aJe:KHOI0 BiJl

napamerpa, ysarajbHeHe npasuio Jleitbnima. Toi

Cos Yy COS Y
/
/1—72 _p2 . i
F'(y) = </ eyVi—e dx) :/\/1 — p2eVVI" dx—siny-e?¥ ¥ —cos y- el Yl =
y
siny siny

cosy
= —(siny - /"M - cosy - eIyl 4 / V1— 22V s e

siny
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8.2. [liginTerpanbia GpyHKIlg B To4li © = () HeBU3HAUEHA, aJle MA€ CKIHUCHHY
rpanuifio npu r — +0, piBHY HYJIIO, sIKIIO IapaMeTpu a i b BBaxKaTu JIOJaTHIMHU.
Tojii 3anuiemMo HovYaTKoBUi iHTErPaJl y BULJISI

1

1 b
1 — 1
/cos(ln—) . ot /d:v/:vycos<1n—>dy
x Inx x
0

0 a

1 JI00O3HAYMMO TIJIiHTerpaJibHy (DYHKIIIO Tak:

flz,y) =

z¥cos(Inl), 0 <z <
0

0, T =

Bouna € nenepepsnoto B npsimokyruuky II={(z;y): a <z <b, a<y<b}, tomy
MOKEMO 3aCTOCYBATH MPABUJIO IHTErPYBAaHHS 1IHTErpaJja, 3aJeKHOr0 BLJ IapaMe-

Tpa:
b 1

1 b
/daz/azycos ln dy—/dy/xycos 1n d
0

a 0
r=-e", r1 =0, t; =400,

de = —e7ldt, z9=1, ta=0

+00

b
/dy/ —e ") costdt :/dy/ Mo+ cos t dt.

CHOanKy 06‘{I/ICJII/IMO BHYTpH_HHH/I lHTeraﬂi

400 b
/ e 't costdt = lim e W) cost dt =
b——+o0
0 0
= e~ tW+l) dv = costdt b
U e , (Y COS ) } ) _
= = lim (smt e t(yﬂ)‘ +
du = —(y + 1)e’t(y+1)dt, v =sint b—+00 0
b b
/e (y+1) Smtdt> = lim ( /e W+ in ¢ dt =
%Jroo
0 0
u = et dv = sin t dt,

du = —(y + 1)e Wdt, v = —cost
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b—+o0

b
b
= lim ( —(y+1) coste_t(yﬂ)‘o — (y+1)° / e 1w+l costdt).
0

b

1
Seijicn lim e ') cost dt = y+ .
b——+o00 1+(y+1)2
0
Tomi
b +00 b
+1
d e ty+l) Costdt:/ Y dy =
/ y/ 1+ @+
a 0 a
b+1
B y+1l=t, yp=a,  y2=0b _/ tdt
y=t—1,dy=dt, ty=a+1, ta=0b+1 a+1t2—|—1

1 b+1 1. bE4+2b+2
— 2+ 1) =i
(" + 1) 2 M 2 120+ 2

§4.2. HeBnacHi iHTerpaJm, 3aJjiexkHi Bijy mapamerpa. BiactuBocTti

PosrisineMo BuiiaIoK HEBJIACHUX IHTErPaJIiB, 3aJIe2KHUX Bl lIapaMeTpa i BBe-
JIEMO TIOHATTs PIBHOMIPHOI 3012KHOCT] HEBJIACHUX 1HTEI'paJIiB.
Hexait f(x,y) susnauena na muoxuni {(z;y) € R? : x € [a;+00), y € Y},

Y C R i g 6yab-sikoro y € Y icHye iHTerpaJ

I(y) = / f(z,y)dz.

Inrerpas I(y) HA3UBAETHCH HEBAGCHUM THMEZPAAOM 3 GEPTHBLONW HE-
CKIHYEHHOIO MEIHCEI0, 3ANEHCHUM 610 Napamempa.

3a 03HAYCHHSIM MOXKHA 3alimcaTu, 110

+o00 t
/f(fv,y)dx =t§+moo/f(w,y)dw-

t
Omrxke, inrerpan F(t,y) = /f(a:,y)dx € dynkiieo gBox 3minaux F(t,y).
a
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Hesnacuuit inTerpas I(y) Ha3UBAETHCST PIBHOMIPHO 36IHCHUM S1OHOCHO Y

t——+o0
Ha muoocuni Y, akmo F(t,y) = I(y), To6To
Y

(Ve > 0)(3to > a) (¥t > to)(Fy € V) : {)/f(x,y)dx] =

t—+00

3posywmino, mo ymosa F(t,y) = I(y) piBHOCHIbHA YMOBI
Y

t—+o00 yey

t
lim sup ‘ /f(x,y)da:’ = 0.

Pozrisaemo fesiki o3HaKu piBHOMIpPHOI 301?KHOCTI HEBJIACHOTO 1HTerpaJia, 3a-
JIEZKHOT'O BlJI IapaMeTpa.
Kpumepiti Kowi. lurerpas I(y) € piBHOMIpHO 3012KHUM BiJIHOCHO ¥ HA MHO-
>KUHI Y TOHl 1 TIIBKH TOJI, KOJIK
o

(Ve > 0)(3to = a) (W, " € (ty; +00))(Vy € V) : {‘ /f(x,y)da:‘ < g}.

Osnaxa Betiepwmpaca. Hexait nis Oynp-sikux © € [a;+00) ta y € Y
+00

cupapKyeThest Hepishicrs |f(x,y)| < p(x) 1 inrerpasn /gp(x)da: — 301KHMiA.

a
+00

Toni I(y) = / f(x,y)dx € piBHOMIDHO 301>KHUM BIJIHOCHO Y HA MHOXKHHI Y.

a
Osnaxa Tipixae. Hexait dynkiil gBox sminnnx f(x,y) ta g(z,y) Busnaveni

na muoxkuni {(z;y) @ a < < 400, y € Y}, upuuomy:
t

1) inrerpad /f(x,y)dx piBHOMIpHO 0OMexKeHuit, To6TO

a
t

(3K > 0)(Vt > a)(Vy e Y) : {‘/f(x,y)dm‘ <K},

a

2) nag joBlibHOrO Yy € Y dynkmia g(x,y) monoronna Ha |a;400) 1

+00
T—+00
g(z,y) = 0. Toxi imrerpad /f(x,y) - g(x,y)dr e piBHOMIpHO 301KHUM
Y
a

BiIHOCHO Yy Ha Y.
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Osnaxa Abens. Hexait dbyukiii qsox sminaux f(z,y) ta g(z,y) BusHaueni

ma muoxuni {(z;y) : a < < 400, y € Y}, npudomy:
t
1) inrerpas /f(x,y)dx PiBHOMIPHO 301>KHUIl BIAHOCHO Y Ha MHOXKWHI Y,

a
2) st Koxkuoro y € Y dynkiia g(z,y) MOHOTOHHA M0 3MiHHIH & Ha [a; +00)
i piBHOMIpHO OOMexeHa Ha [a; +00) X Y, To6ro

(FM >0)(Vz > a)(Vy € Y) : {|g(z,y)| < M}.

Toui / f(z,y) - g(x,y)dx € piBHOMIpHO 361KHUM BITHOCHO Y Ha MHOXKHUHI Y.

a

BaacTuBocTi HeBJIacHUX iHTErpaJiiB, 3aJIe2KHUX BiJ mapameTpa.

1. I'paruuruli nepexid nid 3aHaxom inmeepaaa. Hexaii:

Y=Yo
1) jyist posibroro b > a f(z,y) =% g(x), xe Yo — rpaHUIHA TOUKA MHOKHUHK

[a,b]
Y,
+00
2) inrerpan I(y) = /f(x,y) dx piBHOMIpHO 301>KHW BIHOCHO Y Ha MHO-
a
xunl Y. Toui
+00 +00
lim I(y) = lim [ f(x,y)dx = /g(x)d:z:.
Y—=Yo Y—=Yo
a a

2. HenepepsHicms HesaacH020 itHmMezpaaa. Hexaii:

1) dynkiis f(x,y) wenepepsra Ha [a; +00) X [c;d],
+o00

2) inrerpau I(y) = / f(z,y) dx piBHOMIpHO 361KHUi Ha Binpi3Ky [c; d]. Toxi
a
inrerpas 1(y) € nenepepsroto (yHKiieo Ha [c;d).

3. InmezposHicmsd HesaacHo20 ithmezpaaa. Hexaii:

1) dynkiis f(x,y) wenepepsra Ha [a; +00) X [c;d],
+00

2) inrverpaa I(y) = / f(z,y)dz piBroMipHO 301kHuiT Ha Biupisky [c;d]. Toni
a

I(y) e inrerposHoto dhyHKIi€ewO Ha [¢; d], npudomy

/df(y)dy - /ddy 70f($,y)dw = ]oodx/df(x,y)dy-



§4.2. Hesnacni inmezpasu, sanescni 610 napamempa. Baacmusocmi 177
4. /lugpeperuitiosHicms HesaacHo20 ithmeapana. Hexaii:

1) bynxnii f(z,y) ta f,(v,y) nenepepsni na [a; +00) X [¢; d],
400

2) inrerpan I(y / f(z,y)dx 36ikuuit jis Beix y € [c; d),

+00
3) inTerpad /fl’/(:z:,y)daz piBHOMIpHO 301kHuUil BijgHocHo y ua [c;d]. Toui

a

dbyukuis I(y) audepenniitosra na [c; d], npuuomy

+00 +00
d
:_y/f(a:,y)d:c: /f;(x,y)dx

5. Ilepecmanosxra ithmezpanis. Hexaii:

1) dyuknis f(x,y) Henepepra Ha MHOXKUHI [a; +00) X [¢; +00),

+00
2) Jst IOBUIBHOTO 1) > ¢ iHTerpan F(y / f(z,y)dx piBHOMIpHO 3061KHMIIT
BIJIHOCHO Y Ha [c; 7],
+00
3) mist goBiibHOTO b > a interpan P(x / f(z,y)dy piBHOMIpHO 36iKHMII

BljIHOCHO * Ha [a; D],

4) 361:KHUIT XOU OJINH 13 TOBTOPHUX IHTErPAJIiB

too 400 too 400
[av [1t@wlan [ ar [ 15wyl

—+00 —+00

Toni 361KHnuMH 1 piBHUMU € iHTerpasn / F(y)dy i / ¢ (z)dx, ToOTO

+00 +00
/dy/fxydx—/dx/fxy
Oyukuio I(y /f z,y)dz, ne f(x,y) Busnadena Ha Muoxkuni [a;b) X Y i

JIJIsl KOXKHOT'O CblKCOBaHOI‘O y €Y dyuknis f(z,y) = +oo npu z — a+0, Hasn-
BAETHCI HEBAACHUM THIME2PANOM 810 HeobMeHCEHOT hYHKULL, 3areHCHUM

61d napamempa.
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1

3a JI0IOMOro 3aMiHl r = a + 7 el 1HTerpaJ 3BOJUThC JI0 HEBJIACHOT'O

IHTerpaJa i3 HeCKiHIeHHOI MeXKero, TOOTO:

b +00
— [ fpdo= [ 1(a+j)-5

1
—a
Toji na 1e#t inTerpaj MOXKyTh OyTH HOIIMPEH] OCHOBHI TEOPEMU IIPO I'PAHU-
YHUI 1epexiji i1 3HaKOM HEeBJIACHOTO 1HTerpaJa, Ipo YMOBH HOT0 HellepepBHOCTI

PO IHTEI'POBHICTH Ta JU(EPEHIIHOBHICTh 3a MapaMeTPOM.

[aTerpan Bumy

400 b 400
[tz = [ f@drs [ sy
a a b

Jle TepIuii JIoJlaHOK € HEBJIACHUM 1HTErpaJioM Biji HeoOMexKeHOol (pyHKIII1, Ha3uBa-

ETHCA PLBHOMIPHO 30LHCHUM, SKIO PIBHOMIPHO 30iraloThCss 0OOMIBA IHTEIPAJIH.
Bnopasu

1. JocaijuTu Ha piBHOMIpHY 301>KHICTH Yy BKa3aHUX iHTEepBaJiax HEBJACHI 1H-

TerpaJin, 3aJeXKHl Bl TapaMeTpa;

“+00

+0oo
sin(zy) / ysinz
1 ——dr,0<y <A, 2 —— - arctg(zy) dx, 0 <y <400,
+00 9 +00 ¢
3) /xcos(x +y)dm,y>0, 4) /archdx,1<y<+oo,
r+y yxy

dr, —oo <y < 2,

g g
In(x + V1 + 22
/azyllnl—az)da} y >0, /nx+ 27
0
1

+00
1
7)/ycosﬁdx, —00 < Y < +00, / O<y<—1—oo,
0
+

o

y
0
+oo

9) /smx e dr, 0 <y < 400,

T
0

<y < 10,

—_
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+00
) / Ve, 0 < y < +oo,
+00 ) 9
Sinx
13 dz, y > 0,
)/1+xy Y

1 d
BX/ﬁmm—gO<y<Z
r xY

z¥dx 1

<_7
O/{’/:leQ <3

+0o0o
12) / eV ) giny dr, —00 < y < +00,

0
1

xY
+00
cosxy
1
sSm xy
18 /—dsc 0< 1.
)O |z —y| v s

2. JlocaiiuTu Ha HENEepPEepPBHICTH Y BKa3aHUX IPOMIXKKAX HACTYIHI (PYHKIIT:

+00
x dx
Uf@%=/2+xyy>l
0
+00
cos T
2) I(y) = o dx, y > 0,
1
400
@f@%:/£4kwm%ﬂ”<y<+w,
0
400 1 )
4) I(y) = /sm( xd:z:, —00 <y < +00,
0

sin

5) I(?J):/m

de, 0 <y < 2,

ye_xyzdx, —00 < Yy < +00,

@) dy;

/
7 l<y>—0/ﬁ+ﬂ+1,
/

1<y <2,
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3. 3a jmonomoroio opMmysin AUdEpeHIiioBaHHs HEBIACHUX 1HTErpaJiB, 3aJie-

YKHUX BiJI IapaMeTpa, OOUUCIUTH IHTeIPaJIK:

+Ooe—ax2 . e—ﬁxz
1)/ dx, a >0, 3 >0,
T
9
P —ax _ ,—Pxr92
2) / (L> dr, a >0, 8 >0,
x
0
+00
e~ ar _ e—ﬂx '
3) | ———— sinmadz,a>0,5 >0,
T
0
+00
e~ _ efﬁx
4) cosmzdr, a >0, >0,
x
0
11 1 2 2)
5)/ D00 gy el < 1,
0

oo
arctg ax
7 /—dx, —00 < a0 < 400,
) x2vx? —1
iool o 42
na” +x
8) /de, —00 < a, 3 < 400,
0
400
t t
9) / are gozx;u"c g 0 dr, —o0 < a, f < +00,
x
0
(1 + 022?) In(1 + 22)
a“z?)In x
10)/ - . dr, —00 < a, f < +00.
x
0
400
1 2
4. BukopucroBytouu dopmyity ﬁ = ﬁ / e—wy2d$, x > 0, obunciauTu
0
inrerpaju Pperie:
+00 +00

1 sin x
.9
dr = — d
/sma: T 2/ \/E T,

0 0
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+00 1—|—oo

9 COS T

dr = = dzx.
/Cosx X 2/ \/E X
0 0

5. BukopucroBytoun nomnepeHiit pe3yabrar, OOUNCIUTH 1HTErPaJIn:

+00
1) / sin(az? + 2bx + ¢)dx, a # 0,

—00

+00 +00
2) / sin 2° cos 2ax dz, 3) / cos 2° cos 2ax dz.
0 0

6. Jlosectu dpopmyiiu:

+o0o +o0o .
COS Q.r T X sin ax T
1) | 5——5dv=s-sinaa, 2) | —7—Fdv=—--cosaa.
a‘* —x 2a a‘* —x 2a
0 0

+0o0o
7. Buaiitu nepersopents Jlamnaca F(p) = / e P f(t)dt, p > 0, naa bynxmii
0

f(t), skumo:
) ft)=t", neN, 2) f(t)=e",
3) f(t) = V4, 4) f(t) = cost,
5) f(t) :sin2t,_t 6) f(t) =te ™,
7 flt) = 1_: : 8) f(t) =sinavyt

ITpuknaau po3B’sa3yBaHHsd BOIPaB
Y

Vo= 1l — 27

1.17. Ouinumo mijiHTerpajbHy (QyHKIIO

O<ax <1,

1
< r < vl
ez —1)(x — 2)? VT << ?

Y r—1|(2—2)2

Toumi

/\/|x—$i\dfc—2 /\/_\/|:c—1|:z:—2
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njee

/ Vadx / Vadz
\/_\/\x—1|a:—2 \/|a:—1|a:—2 e —1](x —2)?

,ZLOC.HI,ZLI/IMO KOYKEH 13 YOTUPHOX OTPUMAHUX iHTePpamB Ha 3012KHICTD.

3a oznaxoro Korrl jij1s1 KOXKHOIL HiIiHTerpaJbHol (PYHKIT MAaEMO:

1
R/ |r—1|(2—2)2 1 1 1
lim PR 3 = o) = i —
2=+0 En 2l w0 e —1](z —2)2 VA4
1

. VaR/|e-1|(a-2)? ‘ 1 ‘
lim =|A=—=|= lim =1,
2—1-0 ﬁ 3l ami-0/z¢ /3;_2
= 1
3/ r—1|(2—2)2
lim S = = 2 = lim - Ve =1,
z—140 G 3 z—14+0 (.CU _ 2)

WV
lim —W ))\ ) = lim A = \/5
1920 o 3l a=2-04/x —1

Ockisnbku Bel A < 1, To 3a o3HaK010 KoIi Bel 90THPH HEBJIACHUX 1HTErPaJI €

301>KHUMMU.

Topi 3a o3nakoro BeiiepiiTpaca 3ajilanuil iHTerpaJ € piBHOMIpHO 3012KHUM HIpH

1
‘y| <§- >

2.5. Hexait 0 < ¢ <y < 2 —¢ < 2. Toni, po3duBarmoun iHTErpas Ha TPU

1HTerpaJiu, 1 OIiHIOIYHY TiJIiHTerpaJibHy (DYHKIIIIO, OTPUMYEMO:

s 1 m—1 m
sinx dz dz
I(y)= dx < — <
W) /:L‘y(W—SU ’ /xy W —a)y +/:Uy(7r—x)y+/xy(7r—:1:)y_1
0 0 1 m—1

s
-2+ d
— 47— —_— .
—€ (ﬂ- _ x)l—e
m—1

3a oznakoio Kol O6I/I,ZLBa iHTerpaJu cipasa 30iraoTbest. Tojil 3a o3nakoro Beitep-
IITpaca IOYaTKOBUI IHTErpaJi piIBHOMIPHO 30ira€Thcs Ipu € < y < 2 — €.

sin

Dynxnia f(r,y) = m B 00J1aCTI

{(z,y) eR?*: 0<az<m e<y<2—¢}
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€ HemepepBHOIO. ToJIl 3a BJIACTUBICTIO HEBJIACHOIO IHTErpaJia, 3aJeXKHOT0 BiJT IMa-
™
: sin x
pameTpa, orpuMyeMo, 1o byukiis [(y) = ﬂ dx € HenmepepBHOIO IIpU
xy(m—x

e <y < 2—e. 3Bijicu, B cuily JI0oBLIbHOCTI BOOPY € > (), BOHA € HElepepBHOIO
Ha iHTepBaal 0 <y < 2. »

1
3.7. Oyuxrii f(z,a) =

t
arctg ax fcly(x, Q) = omo.

222 — 1’ (1l + a?a?)vVa? — 1

pepsHi B obaacti {(z,a) ER?: 1 <z < 400, —00 < a < +00}. Hocaiaumo in-

+00 +00
/ arctg ax J / dx . : Gisicrti
Terpan | ————dx Ta Ha pIBHOMIpHY 301KHICTD.

2?2 —1 (1 + a?2?)Va? -1

1

OckljibKu

t 1 1

| arctg ax| o 7r

< ; < :
2V —1 22222 —-1  z(l+a22?)va?—-1  ava?-—1
+00 +

[ee]
) T / dx / dx G Boi
Ta IHTErpajl — , 361raloThCs, TO 3a 03HAKOIO Beitep-
2 x2r? —1 vl —1

1 1
IITpaca JOCIIKYBaHl IHTerpaJju € piBHOMIPHO 3012KHUMH.

Toxi 3a ByracTuBiCTIO AudEPEHIiIOBaHHS HEBJIACHOIO 1HTErpaJa, 3aJIeXKHOI0
B1JI IlapaMeTpa, MaeMO

400 b

I'(a) / da lim da
= = 1 s
r(l+a?2?)Vat—1 bt ) x(14 ?2?)Va? -1

1 1

archb
r=cht, x1 =1 1x9=0, / shtdt
ch
0

— = lim PN =
dvr =shtdt, t; =0, ty=archb| v+ t(14+a%ch”t)sht

arch b

¥ / dt 7r<1 la] )
= lim =—(1-—).
b—-+oo cht(l1+a2ch®t) 2 V14 a?

0
Bincu I(«a) = g(a —V1+a?)+C, upu a > 0.
Ockinbku I(0) = 0, o C = g Orxe, I(a) = g(a +1—+v1+a?). Ana-

goriuno mpu o < 0 maemo I(a) = g(—a +V1+a2)+ C. Toni C = _g
i I(a) = —g(l +a—V1+a?). Orxe, I(a) = g(l + a — V14 a?)sgna,

—xo<a<+oo. »
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7.7. 3a o3HaUeHHSIM IepeTBopeHHs Jlammaca 3amuiemMo

+001 B e—t +oo€_pt B €_<p+1)t +Ooe—pt +OO€—(p+1>t
F(p) = / ; e Pdt = / " dt = /Tdt+/ ; dt.
0 0 0 0

3Bijcu, sk p > 01 A >0, To

Q/eﬂﬁﬁ pt=1, ti=A, t5=-too, }?ewd
_— —_— —_— _ x,
t dt = C%, x1 = Ap, x19=+00 L

A Ap
NSNS +00
e~ (p+1)t (p+ 1)t ==, ty = A, ty = +00, e’
t dt — ) = —dx.
_ dz_ — — x
“ dt — p+1° T = A(p + 1)7 Iy = +OO A(erl)
Orxe, st poBinibaoro A > 01 p > 0 orpumaemo
+00 +00 +0oo 00
e~ Dt e~ (1)t e 7 e T
/—dt+/ dt:/ dx — / —dx =
t t x T
0 0 Ap A(p+1)
A(p+1)
—x 1
N / € dr—etmPT , Ap<E<A(p+1).
T p
Ap

~7 ¢ nenepepshoio, To lim e~¢ = 1. Orxe,

Ocki ' =
cklibku dyukiist f(xr) =e A—10
+00 .
1—e" 1
lim e =In
A—+0 t p
A

§4.3. InTterpasu Eitnepa

Inmeezpasom Edinepa I-20 pody abo bema-@pyHryiero Ha3uBaEThCsI 1HTE-

rpaJi
1

B(a, 8) = /xo‘_l(l — ) da.
0
3ayBaxkuMo, M0 sKINO B 1boMmy iHTerpasi @ < 11 f < 1, o B(a, ) 6yue

HEeBJIACHUM, IIPUUIOMY HijJiHTerpajbHa (PYHKINsT Mae JBl ocoOauBi Toukn x = 0 i

xr = 1.
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Inmeepansom Etinepa II-20 pody abo 2ama-PyHruyiero Ha3UBAETHC 1HTE-

rpaJi
+00

INa) = /xo‘_le_xdx.

0

BayBaxkumo, 1o npu « < 1 inrerpas I'(«) mae jgBi ocobsusi Touku © = 0 i
r = +00.

Pozrisnemo psij BiaacruBocteit inTerpasis Eityiepa I-ro 1 II-ro poy, siki Oyie-
MO 3aCTOCOBYBATH JIJIsI PO3B sSI3yBaHHs NIPAKTUIHUX 3aBIAHb.

1. Oyukmnia I'(a) e venepepsHOo 115t Beix o € (0; 4-00).

2. Oynknis ['(«a) Mae HemepepBHI TOXiJIHI Oy/b-sIKOTO MOPSAJKY IIPH

a € (0;4+00), npuiomy
+oo
I (a) = / 2 In" x e “du.
0

3. Popmyaa 38edeHHs das 2ama-Hynrkyii. s nosiabaoro a > (0 BUKO-
HYEThCA (POPMYJIa

[Na+1) =al'(a),

sokpema ['(n + 1) = n! mpu n € N.
4. Oynxuist B(a, §) e nenepepsnoro npu « € (0;+00), # € (0;+00), npuyo-
MY CIIPaBEJIIUBOIO € PIBHICTD

+00

B(a,,@):/(xa—_ld:c.

1 4 x)oth
0

5. Oynukiis B(a, §) Mae HenepepBHi MOXiHI 6y b-sTKOro mopsKy npu o > 0,
£ > 0.

6. Oyukiis B(q, 5) € cumerpudnon, To6To

-B(ajﬁ)::fgﬂicﬂ

quist Beix a > 0, 8 > 0.
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7. @opmyaa 36edenns das 6ema-pynruii. ns nosinpanx a > 0, f > 0
Ma€ MicIe PIBHICTD

Bla+1,8) = a%ﬁBm,ﬁ),

30KpeMa
n—1)!(m—1)!
(m+n—1)!

8. Cnissidnowenns Etaepa. Ins rama-dynkiii Ta d6era-pyHKIi cripaBe-

B(m,n):< , m,n €N,

JUIBa (POpMYJIa

['(a) - I(B)
Bla, ) = =X\,
9. @opmyaa donosuerns. s nosinbaoro a € (0;1) BUKOHYETHCsI CITiB-
B1JIHOIIIEHHSI
T
Bla,1—a) =T(a)-T(1 - a) =
(.1~ ) = T(e) - T(1 —a) = "
11 1

(41
soxpema B 7, o 5 T

10. @opmyaa Jleacardpa. /ns nosinbaoro o > (0 BUKOHYETbCS PIBHICTD

T(a)- r(@ + %) - zfl (20).

11. @opmyaa T'aycca. s posiibHoro o > 0 cripaB/RKYeThCst CIIBBIIHO-

HIeHHA

= ['(na), neN.

1
nna—§

Do) (ot ) Dot "0 (2m)"7"

n

12. @opmyaa Cmipainea. [Ing nosinbHoro « > 0 Mae Micie piBHICTD

1 0
haF(oz):hm/Qw—k(a—ﬁ)lnoz—oz—l——12 , 0<O<1.
«

Bnopasu

1. Bammcarn qepes rama- abo Gera-pyHKIIT 3a1aH] IHTErpaJIH:

1 2

0 / Vo= adr, 2) / 2/A— 22 da,

0 0
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2
e dr,

w
N

o\_é_o\g

B
% U dr, a>—1, >0,

Ot
~

~J
SN—

T — T T — -

P11 — 2™ e, p,q,m >0,

Ne)
~—

cos ttdt, x>0,

11) /sinx_ltcosy_ltdt, x,y >0,
0
13)] W 0 < k<1 neN
n
(1—ksint)» ’ ’
0
15) [ s dt, 0< k<1, neN
n
(14+kcost)r ’ ’
b
17)/13:_1_ dx, n>m >0,
xn
0
LI
2% Inx
19) / e, ol <1,
0

2. JloBecTu piBHOCTI:

187

) dr, a> —1,

1

0/

/ d
T
6 —, n>1,
)/\”/1—x”

0

/g\

0

10)/tg”“°tdt, 2] <1,
0
[t
12) [ |
3 — cost
0
+

ma—l
18)/ sdr, 0<a<2,
+ x)

afl__xﬂfl

dx.
l+x)Inx ’

DO
=
o +<
"\8
—~| &
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188
+00

4) lim /exndajzl,

n—-+00

Y

0
| \/a-r(aJr%)
2 alilfooﬁ F(C(Y—I)—l)(ﬁ)
. B T(a)-T
O Tavp @

3. Tlokazaru, mo 3 popmyan Cripiinra s rama-QyHKINT BUTLINBaE (popmyia

Cripainra st n! :
n\" o
n! = 27m-(—> ez, 0<f<1, neN.
e

4. O6uucauTu 3a jornomoroi (gpopmysmu CripJinra:

1) 1g 100!,  2) (2n — 1)1, 3) 2015!!, 4) (204)11,
1 27
5) 1oLt 6) [ (1—2*)x, 7) [ sin®xdr, 8) lim Vnl
102”7 ’ ’ n—-+00 R
0 0
0) lim —=. 10) lim "
n—1>I—Eloo W’ n—1>r—|{looln nn’

IIpuknaau po3B’ss3yBaHHsSI BOPaB

™

con—1
tdt
1.15. B iaTerpasi > nposesieMo 3aminy x = tg L. Toni
(1+ kcost)” 2
0
n - n—1 t 1—z2
/ sin tdt o r = tg 99 cost = 1122 tl = 0, €T = 07 B
/ (1+ kcost)” sint:%, dtz%, lo =T, Xy =+
+00 +00
B 2n/ 2" dx B 2n/ 2" dx B
/ (1+&-75)" (L+a2)r / (1+Fk+z*(1 - k)"
2" 70 2" ldx x L_F—Z = Vi,
- 14+ k) 2 L k\" _ J1+k 1 -
too ol 14k T (14k\3 | 1 +00
o /“ (%) * (37 gpdt gn / i
- (L+ k) (1+¢t)" 1=Kz ) A+t
0 0
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B on—1 nony on—1 FQ(%) B 2n—1F2<Q>
(1 —k2)3 B<§’§) T (11— T(n)  (1—k)5(n—1)

nmpuneN, O<k<1l »
+00

) ) x%Inx
1.19. B inTerpaJi / i dx BBejieMo 3aminy t = 22, Toxi
x?
0

—+00 1 +00 [

2% Inx r=1t2, x1=0, mp =400, 1 t2Int

1 D) d.ﬁlﬁ' = &t = Z l— dt =
0 M dr = 57, 11 =0, 1y =+00 t2(1+1)

+oo _ +ooa
_1/t211ntdt_1/ ER 't
4 1+t 4 1+t ‘
0 0

OCKIJIBKH JIJIsT OCTAaHHBOT'O 1HTErpaJia BUKOHYETHCs CIIIBBIIHOIIICHHST

+oo +o00o
(/t?_ldo’ B B<a+1 ] a+1> ! B 1/t§1_1lntdt_
1+t Ja 2 2 L2 1+t B
0 0
_<F<oz—1—1> F(l a+1>>’_< T )’_ w2 cos Sl
- 2 2 a smo‘T“ﬂ B 2811120%1#’
TOOTO
/t(x—;lllntd _ 7 cosaT“ﬂ
1+t 281n20‘+17r
0
TO
“+00 1 .
ez 17 2cos T _7r2 sin 2% >
1+ 22 YT 2s1n20‘7+17r_ 8 cos? 9t

0

2.3. BukopucroBytoun o3HaueHHsI raMa-(yHKIIiT, MepeTBOPUMO JIiBY YaCTHUHY

piBuocti. Hexait o > 0, 8 > 0. Toui

+00 B _ dz B
L/tﬁ—le—atdt: at = z, dt = a :L/<i>ﬁ 16—2_%:
'(B) / b=z ['(B) / o Q

[Ilo it Tpeba OyJ0 jloBECTH. B>
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4.6. CrouaTKy IepeTBOPUMO IHTerpaJl:

o

|
\&
l\DI»—\

1
1 /1
/té £)0dt = B(—, 51).
2 7\2
0

3a criBBijHOMEeHHsAM Eitepa orpumaemo:

o) -1

- 2\/£7 2

) TG0

(ol

2’ 2 I(51+13)

1 50!-I'(3) 501 -250 (50! - 250)2
— 5 101 .99 3 1 1 — -

2 .. 2.1 T()) 101! 101!

Toji 3a dpopmysioro CripjiHra oTpuMaeMo

e

101! B 21 - 10 (&) 6101 12

1
/(1 . :U2)50d:(: o (50! ’ 250) (m ( 506600 250)2
0

2101 . 50101 . TTe

/2027 - 101101

. A 0,0025
. 6(300 w5) ~ 07 1241 - e . >
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